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Abstract: This paper is devoted to the study of the following nonlinear functional integral equation
g o1(x) o3(t)
f@ =S a@fw@)+ [ (atfe), [ s ) dt+gla), Vo o1, (B)
=1 0 0

where 7;, o1, 09, 03 :[0,1] = [0,1]; @i, ¢:[0,1] = R; ¥ :[0,1] x [0,1] x R*> — R are the given continuous functions
and f : [0,1] — R is an unknown function. First, two sufficient conditions for the existence and some properties of
solutions of Eq. (E) are proved. By using Banach’s fixed point theorem, we have the first sufficient condition yielding
existence, uniqueness and stability of the solution. By applying Schauder’s fixed point theorem, we have the second

sufficient condition for the existence and compactness of the solution set. An example is also given in order to illustrate
the results obtained here. Next, in the case of ¥ € C?([0,1] x [0, 1] x R%;R), we investigate the quadratic convergence
for the solution of Eq. (E). Finally, the smoothness of the solution depending on data is established.

Key words: Nonlinear functional integral equation, quadratic convergence, stability and smoothness of solutions,

compactness of the solution set

1. Introduction

In this paper, we consider the following nonlinear functional integral equation

o1 (x) o3(t)
f@) = eufo) (e + [ W(%tf(dz(b‘)% / f(S)d8>dt+g($), (1.1

for all z € [0,1], where 7;, 01, 02, 03:[0,1] = [0,1]; a;, ¢g:[0,1] = R; ¥:[0,1] x [0,1] x R? — R are given
continuous functions and f :[0,1] — R is an unknown function.

It is well known that, integral equations/functional integral equations have attracted great interest in
the field of nonlinear analysis for a long time not only because of their mathematical context but also because
of a large number of their applications. These equations can be used to model many problems of science and

theoretical physics such as engineering, mechanic, electrostatics, population dynamics, economics, and other
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fields of science. They occur in a natural way in the description of many physical phenomena, for example, see
the books written by Corduneanu [4], Deimling [6].

The existence, uniqueness, stability, and some other properties of solutions for functional integral equa-
tions as above have been proved by using many different methods together with various techniques in functional
analysis. In general, existence results of these equations have been obtained via the fundamental methods in
which the fixed point theorems are often applied, for example, we refer to the [1-3, 5, 7-23] and references
therein.

In [1], Abdou et al. proved the existence of integrable solutions of the following nonlinear integral

equation, by using the technique of measure of weak noncompactness and Schauder’s fixed point theorem

oz, t) = f(z,1) +/0 k(%y)v(y,@(y,t))dyﬂL/o F(t,m)p(x,)dr, z €[0,1], t € [0, M],

where M > 0, the known functions k(x,y), F(t,7) are called the kernels of the integral terms with respect to
position and time, respectively, f(z,t), v(y,¢(y,t)) are given functions in the space L'[0,1] x C[0, M], and the
function ¢(z,t) is unknown. Also, in [2], Abdou et al. considered a mixed nonlinear integral equation of the
second kind in position and time, in which, the existence of a unique solution is proved using Banach’s fixed
point theorem.

In [3], Avramescu and Vladimirescu have proved the existence of asymptotically stable solutions to the

following integral equations

u(t) = q(t) + f(t,u(t)) +/0 V(t,s)u(s)ds +/O G(t,s,u(s))ds, t € Ry,

under suitable hypotheses. In the proofs, a fixed point theorem of Krasnosel’skii type is used. Also applying a
fixed point theorem of Krasnosel’skii type and giving the suitable assumptions, Dhage and Ntouyas [7], Purnaras

[22] obtained some results on the existence of solutions to the following nonlinear functional integral equation

n(t) o(t)
aw:«w+1; Mtﬁﬂ&ﬂﬂ$mk+é o(t,8)g(s,x(n(s)))ds, ¢ € [0,1],

where 0 < p(t) <t; 0<o(t) <t; 0<0(t) <t; 0<n(t) <t, for all t € [0,1]. Afterwards, Purnaras showed

that the technique used in [22] can be applied to yield existence results for the following equation

A(t)

n(t)
ot =at)+ [kt F (s al0())ds +

N o(s)
k(t,s)F (s,x(u(s)),/ ko (s,v,z(n(v))) dv) ds, t €[0,1].
(®) B(t) 0

Using the technique of the measure of noncompactness and Darbo’s fixed point theorem, Liu et al. [12]

have proved the existence and asymptotic stability of solutions for the equation

x(t)=f (t, x(t), /Otu(t,s,x(a(s)),x(b(s)))ds) , teRy.

In [14, 16], similar types of (1.1) have been studied corresponding the following form

m n

fi(z) = ZZ‘W (x, fj(Sije(2))) + gi(z), i=1,--- ,n, x €I CR,

k=1 j=1
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where I is a bounded or an unbounded interval. By using Banach’s fixed point theorem, the authors have
established the existence, uniqueness and stability of the solution for the equation considered with respect to
the functions g;. Furthermore, the quadratic convergence and an asymptotic expansion of solutions were also
investigated. Motivated by the ideas and the techniques used in [14, 16], recently, similar (and more general)

results were obtained in [19] for the following system of nonlinear functional equations

mon Xijk ()
filw) =) |eain <337fj(Rijk(x))a/ fj(t)dt> + i [ (Sije(@)) | + gi(2),
k=1j=1 0
i=1,---,n, v € Q = [-b,b], where a;jx, b;jr are the given real constants; R;jk, Sijk, Xijx : & — €,

g : Q= R, U:QxR? =R are the given continuous functions and f; : @ — R are unknown functions, ¢ is a
small parameter.

In [5, 17, 18, 20, 21], some nonlinear functional integral equations in one variable or two variables, or N
variables were also considered. Applying fixed point theorems such as Banach’s fixed point theorem, a fixed
point theorem of Krasnosel’skii type and using tools of functional analysis, the solvability and the existence of
asymptotically stable solutions of these equations were proved. On the other hand, the set of solutions obtained
in [5] is compact and obtained in [21] is a continuum.

Inspired and motivated by the idea of the abovementioned studies, we continue to investigate the more
general nonlinear functional integral equation of the form (1.1). This paper consists of four sections. In Section
2, two theorems for the existence and some properties of the solutions of Eq. (1.1) are proved (Theorems 2.3
and 2.5). By applying Banach’s fixed point theorem, Theorem 2.3 establishes the first sufficient condition for
the unique existence and stability of the solution. By applying Schauder’s fixed point theorem, Theorem 2.5
establishes the second sufficient condition for the existence and the compactness of the solution set. In order
to illustrate the results obtained here, an example is given. Section 3 is devoted to investigating the quadratic
convergence for the solution of Eq. (1.1) in the case of ¥ € C?(2 x Q x R?;R). Finally, in Section 4, the
smoothness of the solution of Eq. (1.1) depending on given data is established.

2. Existence, uniqueness, stability and compactness of the set of solutions

Let Q = [0,1] and denote by X = C(2;R) the Banach space of continuous functions f :  — R with respect

to the norm
[fllx =sup|f(2)], feX.
z€eN

For any positive integer r, we put

d f

Xr:C’"(Q;R):{feX:f(k):dkeX, 1§k§r},
xr

and note that C"(€;R) is the Banach space with respect to the norm || f|lx = >, _ ||f(k) ||X (see [23)).

In order to prove sufficient conditions for the existence and some properties of solutions of Eq. (1.1) by

using fixed point theorems, we first write Eq. (1.1) in the form of an operational equation in X as follows:
f=Uf+Vf+ag, (2.1)
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where
q

(UN)(x) = > ai(z) f(mi()),
=1 (2.2)

(V@) = 7w (w8, f020), J7* Fs)ds) dt, @ € @ =[0,1].
We now make the following assumptions to consider the unique existence and stability of the solution:
(H1) g€eX;

(Hy) 7, a;€X,(i=1,---,q), such that
(1) Tl(x) € [07 1}7 Vz € [07 1]? (’L = 17' o aQ)v
|

(i) 32
i=1

il x <15

(H3) 0j € C(Qvg)a (.7 = 17273);

(Hy) ¥ eC(]0,1] x [0,1] x R%;R), such that
VM >0, 3Ky > 0: |V (z,t,y,2) — U(x,t,5,2)| < Kyp (Jy =9l + |2 — 2]) s
for all (2,5, 2), (2,£,7,7) € [0,1] x [0, 1] x [-M, M.
We state the following lemmas (Lemmas 2.1 and 2.2) which are useful to establish our main results. In
Lemma 2.1 below, we denote by £(X) the Banach space of continuous (or bounded) linear operators U : X — X
U
equipped with the norm [|U||;x) = sup ” f”X
oxfex Ifllx
Lemma 2.1. Let (Hz) hold. Then the linear operator I —U : X — X is invertible and

1

I1-U .
It T Tlonlx

-1
) ||L(X) S 1—

Proof of Lemma 2.1. By (Hz) holds, we have that the operator U : X — X is well defined and linear. On
the other hand, for all f € X, [(Uf)(z)| < Yt laillx Ifllx, Yz € Q, it leads to Ul zx) < Sl el < 1.

Therefore, the linear operator I — U : X — X is invertible (see [23]) and it is easy to verify that

1

(I-u)! < < .0
| e = T, = TS Tl
In view of Lemma 2.1, we can rewrite Eq. (2.1) in the form
f=U-U) (Vf+g) =TFf. (2.3)

Lemma 2.2. Let (Hy) — (Hy) hold. Then, for every M > 0, we have

©)  IVFlx < @GMEy + ¥ llowllx, ¥f€ Bu;

where By = {f € X : ||fllx £ M}, ¥, = sup [¥(z,t,0,0)], and A, = {(z,t) : 0
(z,t)EN,

IN
-
IN

o1(x),

0<z<1}
Proof of Lemma 2.2.
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(i) Vf € By, we have

/01(1)
0

o1(x)
/ U (z,t,0,0)dt
0

/Ial llx
0

ol
+/ U (2,t,0,0)| dt, Vo € Q,
0

(V@) <

0

o3(t)
U <m,t,f(o'2(t)),/ f(s)ds) - (x,t,0,0)] dt

+

IA

dt

as(t)
v (.’ﬁ,t, f(aQ(t))V/O f(S)dS) -V ($7ta 070)

in which

£ (o2(t))]
0

os(t)
/ f(s)ds
0

£l < M,

IN A

t<lloullx <1,

1
/0 F(s)]ds < ||l < M,

IN

IN

os(t)
/ f(s)ds
0

o3(t)
N4 (x,t,f(ag(t)),/o f(s)ds> — U (z,t,0,0)

K [f(oz(t))l +

|

< 2MKy,,

dt < 2MKyy ||loq] x s

/lffllx
0

o3(t)
q/ <z,t,f(a2(t)),/ f(s)ds) U (2,1,0,0)

0

lloall x
/ 0 (2,,0,0)[dt < o]l T,
0

hence
(V) (@) < (2MKy + 1) |lor]lx» Vo € Q,

therefore (i) is verified.

(ii) Vf, f € By, we have

[(V ) (@) = (V) ()|

loall x o3(t) B o3(t)
/0 o <x7t,f(02(t)),/0 f(s)ds) -0 (.’E,t,f(dg(t))7/0 f(s)ds)

”01”}( _
KM/O l’f(@(t))—f(@(t)"f‘ ] dt

IN

dt

IN

o3(t) _
/0 (f(s) — F(s))ds

IA

2Knm ||01||X ||f7f_HX’ Vo € Qa
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hence (ii) is also verified and Lemma 2.2 is proved.
We have the following theorem.
Theorem 2.3. Let (Hy) — (Hy) hold. In addition, suppose that there exists a constant M > 0 such that

the following condition is satisfied

MKy + V) flonllx +llgllx
1=30 el x

<M. (2.4)

Then:
(i) Eq. (2.3) has a unique solution f € Byy;

(ii) The solution f of Eq. (2.3) is stable with respect to g in X, i.e. if f, f are two solutions of Eq.
(2.3) corresponding to two functions g, § in X, and if ||g — gl — 0 then Hf — f” — 0.
b'e
Proof.

It is clear that T : X — X. Consider f, f € By, by Lemmas 2.1 and 2.2, and Eq. (2.4), we easily verify
that

ITflx = U= Vi+g)ll [T =) oox) IVF +9lx (2.5)

1
< —7—7— UIVFfllx +lg
CMEM+9.) lloullx + 19l x
- 1=370 llaillx

< M,

7 - Tfl = 0 -0y (V- V) < oIy (2:6)
1

— izt lleillx

2K |lon |l x
1370 lleallx
that T : By; — By is a contraction mapping. Applying Banach’s fixed point theorem, we conclude that there

We note more that, by (2.4), we have o = < 1. Therefore, by (2.5)—(2.6), we obtain
exists a unique function f € By such that f =T f. It means that Eq. (2.3) has a unique solution f € Bjy.

It remains to prove that this solution is stable with respect to g in X. Let f, f be two solutions of Eq.

(2.3) corresponding to two functions g, ¢ in X. Then

il - Ja-ort(vr-vise-d,
< %Hf‘f’\ﬁm-
As this gives
R e s T LS

obviously, if ||g — g||x — 0 then Hf — fH — 0. Theorem 2.3 is proved.
X
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Corollary 2.4. Let (Hy) — (Hy) hold. Then, there exist constants M > 0 and p. > 0 such that, if
o]l x < ps, then Eq. (2.3) has a unique solution f € Bps. Furthermore, f is stable with respect to g in X.
Proof of Corollary 2.4. First, we have

0 < WUoully < ( sup |\I/(x,t,0,0)|> ol x

0<z<1, 0<t<|lo1]lx

IN

( sup |\P<x,t,o,o>|) loull — 0, as [lorlly — 0.
0<z<1, 0<t<1

91l x

Now, by choosing M > g to get
=300 llailly
2MK v,
m CMEM ol tlgl Doy,
llovll x—0 =370 il 1=2300 llailly

we imply that there exists a constant p, € (0,1) such that Vo € X, ||o1]|x < p«, we have

MKy + V) flonllx +[l9llx

<M,
1=3 el x

which means that the condition (2.4) is satisfied. Applying Theorem 2.3, Corollary 2.4 follows.
Remark 2.1. Based on the proof of Theorem 2.3 with using Banach’s fixed point theorem, we have a
consecutive approximate algorithm
O =Ny =12, (2.7)

where f(°) € X is given, to derive the sequence {f®)} such that {f*)} converges in X to the solution f of

Eq. (2.3), with the error estimation obtained as follows:
Hf(”> _ fH <7 HTf<0> _ f<0>H for all v € N. (2.8)
X 1l-0 X

We next change the assumptions to get the existence and the compactness of the solution set. We shall

replace the assumption (Hy) concerned to local Lipschitz property of ¥ by the assumption (Hy) as follows:

(Hy) ¥ eC(]0,1] x [0,1] x R%;R) such that, there exists
a nonnegative function ko : [0,1] x [0,1] — R and a constant « > 1 satisfying
(i) sup fol k& (z,t)dt < 400,
0<z<1
(i) ¥ (z,t,y,2)| < ko(x,t)(1 + |y| + |2]), for all (z,t,y,2) € [0,1] x [0,1] x R2.
We have the following theorem.

Theorem 2.5. Let (Hy) — (H3), (Hy4) hold. In addition, suppose that there exists a constant M > 0

such that the following condition is satisfied

a 1/«
1o
(1+2M) ([lon][x) <Oiul<>1fo kg (x»t)dt> + gl x

1=30 el x

<M. (2.9)
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Then, Eq. (2.3) has a solution f € Bys. Furthermore, the set of solutions is compact in X.

Proof. We proceed in two steps.
Step 1. The existence. We first consider the operators U, V asin (2.2) and T as in (2.3).
Obviously, Uf, Vf, Tf € X, Vf € X. We also note that, for all f € By ={f € X :|f|lyx < M}, we

o1(x) os(t)
/0 v <x7t,f(02(t)),/0 f(s)ds)] dt

lloall x 3(t)
/ ko(,t) (1 + [f(o2(0)] + / f(s)ds
0 0

have

IN

(V) ()]

IN

>dt

IN

llo1ll x
/0 kola,t) (1+ 2 ]l ) dt

1/«

IN

(14 2M) (o )5 ( / 1 k3<x,t>dt)

a—1 1 1/a
(1+2M)(||o1]lx) @ ( sup / kg‘@,t)dt) , Vo e Q.
0

0<z<1

IN

It implies that the following estimation for ||V f||y is fulfilled

1/

. 1
|Vf|Xs<1+2M><|alx>cf(sup / k@(x,wdt) | (2.10)

0<a<1
Combining Lemma 2.1 with Eqgs. (2.9) and (2.10), we verify that

ITflx = [[U=U)'(VI+9llx [T =), VS +allx (2.11)

< —w 7 UWV/Slx+lg

o 1/a
a2 1
(14 2M) ([lon] ) = (Sup o k&(%t)dt) + llgllx
0<z<1

<
1=370 0 llaillx

< M,

for all f € By. Thus T(Bas) C Bas. Next, we show that the conditions (a), (b) below are satisfied.

(a) T : By — By is continuous.

(b) F =T(Bu) is relatively compact in X .

To prove (a), for {f,} C Bu, ||fp — fllx — 0, as p — oo, it suffices to show that || T'f, — Tf||, — 0, as
p — 0.

By

ITf =Tty = U=V =VHlx < T =) gy VI = VFlx
1

S -
1= 3700 el

V=Vl
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all we have to prove is that |V f, =V f|, — 0, as p — oc.

The function ¥ is uniformly continuous on Dy = [0,1] x [0, 1] x [=M, M]?, so for all € > 0, there exists
01 > 0 such that ¥V (z,¢,y,2), (x,t,9,2) € Dy,

=gl + 12— 2 <6 = |U (. t,y,2) — U (2,4,5,7)] < ———. (2.12)
1+ ol x

Because of [|f, — f|lx — 0, as p — 0o, there exists py € N, such that
5
! (2.13)

Ilfo— fllx < 5 Vp > po.

It follows from (2.12) and (2.13) that

o3(t) oa(t)
v (x,t, fp(Uz(t))a/o fp(s)ds> - (%t,f(ag(t)),-/o f(s)ds)‘ < m7

Vp > po, V(z,t) €]0,1] x [0, 1]. Therefore, we get

[(Vfp) (@) = (Vf)(2)]

o1(z) o3 (t) o3 (t)
/0 ¥ (x,t,fp(ag(t)),/o fp(s)ds> _ <x,t,f(ag(t)),/0 f(s)ds)

o | -
< o1 —
X T4 oy

dt

IN

<g,

A

which means that ||V f, =V f| <¢e, Vp > po. Condition (a) is satisfied.

To prove (b), note that Tf = (I —U)" " (Vf+g) =T —-U)"'Vf+(I—-U) g, so we need to show that
V : By — X is compact. We shall prove that V (Bjs) is bounded and equicontinuous in X.

It is easy to see that V (B)s) is bounded, since (2.9) and (2.10) lead to

a—1 1 e
Vile < (U+2M) (lon]l ) ( s | k&(x,wdt) (2.14)
0<z<1.Jo
q ~
< M(1=Y" Jailly) = llgly = 8.
On the other hand, Vf € By, Vz, T € [0,1], we have
(2.15)

(V) = (V@)

o1(x) o3(t) o3(t)
/0 v <x,t,f(az(t)), / fp<s>ds> v <z,t,f<02(t>>, / f(S)d8>

dt

IN

dt

IN
S—
2
&
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in which W%, = sup |V (z,t,y,2)|.
(z,t,y,2)€EDM

Similarly to (2.12), ¥ is uniformly continuous on Djy; = [0,1] x [0, 1] x [-M, M]?, so for all € > 0, there
also exists 0,1 > 0 such that V(x,t,y,2), (Z,t,y,2) € Dy,

9

|z — 2| <01 = [V (2, t,y,2) =¥ (2,8,9,2)| < 5o (2.16)
21+ o1l x)
It follows that if |x — Z| < .1 then
o1 (x) a5 (t) o3 (t)
[ | (wesaon [ fis) v (st so), [ seds) @ @
0 0 0
o1(x) e
< — i
- /0 2(1 + ol )
13 13
< oilly ==———— < =, Vf € By.
21+ loullx) "2
As o1 is uniformly continuous on [0, 1], there exists d,2 > 0: Vz,z € [0, 1],
2 — F| < 8up = U, |01 (z) — 01 (F)] < % (2.18)

Consequently, for all z, z € [0,1], if |z — Z| < min{d.1, 0.2}, then from (2.15), (2.17), and (2.18), we

have that
(V@) = (V@) <&, Vf e Bu.

This means that V (Bjs) is equicontinuous in X, (b) follows. Therefore, the operator T': By — By is
compact. Applying Schauder’s fixed point theorem for the operator T, the existence of a solution of Eq. (2.3)
is proved.

Step 2. The compactness of the solution set.

Consider the set of solutions obtained in step 1, that is, S = {f € By : f = Tf} C X. By the
compactness of the operator T : Byy — By and S = T'(S), in order to prove the compactness of S, we only
check that T is closed.

Let {fp} €S, [|fp — fllx — 0. By the continuity of T', it gives ||T'f, — T f| — 0, this implies that

”f_TfHX < ||f_fp||x+||fp_Tf”X = Hf_fp||x+||Tfp_Tf||x — 0.

Thus, f =Tf € S. Theorem 2.5 is proved.
Corollary 2.6. Let (Hy) — (Hs), (Hy) hold. Then, there exist the constants M > 0 and p. > 0 such
that, if ||Si||x < px, then Eq. (2.3) has a solution f € Bp;. Furthermore, the set of solutions is compact in X.

Proof of Corollary 2.6. By choosing M > 1HngX|, we obtain that
— 2ui=1 1%l x

a—1 L 1/«
(1+2M) ([lo1][x) <sup Jo k6 (m,t)dt> + llgllx
0<z<1 _ ||9||X <M

lim
llos [l —0 1= el x 1= llaillx
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so there exists a constant p, € (0,1) such that Vo1 € X, |jo1]|x < p«, we get

o 1/«
a—l1 1
(1+2M) (lo1lx) = < sup fo k‘g‘(a:,t)dt> + llgll x
0<z<1

1=370 el x

< M.

Therefore, the condition (2.9) is satisfied. Applying Theorem 2.5, Corollary 2.6 is proved.
An example. To illustrate the results obtained in Theorems 2.3 and 2.5, we give an example as follows:

Considering the following nonlinear functional integral equation

o1(x)
flz) = Zai(m)f(n(x))+/0 k(. t) |f(o2(t)[™ dt (2.19)

o3(t)
/ f(s)ds
0

where the functions «;, 7;, 01, 02, 03, g are given and satisfy (H;)— (Hs); the functions k1, ko, and constants
v1 > 0, 72 > 0 are also given and satisfy some suitable condition which will be defined later. Eq. (2.19) has
the form (1.1) with the function ¥ defined by

Y2
dt + g(x), = € [0,1],

VU (z,t,y,2) = ki(z,t) [y|™ + kal(z,t) |2 . (2.20)

We shall consider two cases of the function W¥:
(i) Case 1. ki, ko € C([0,1] x [0,1]) and 1, 72 > 1.
In this case, ¥ € C([0,1] x [0,1] x R?;R) satisfies (H;). Indeed, by using the inequality

lyl" =g < yM "y —gl, Yy, g € [-M, M), VM >0, ¥y > 1,
we have that, for each M > 0, for all (z,t,vy,2), (x,t,9,2) € [0,1] x [0,1] x [-M, M]? :

hP(x,t,y,z)Afiﬂ(x,t,g,Zﬂ

IN

[k (2, ) ly™ = 11"+ ke (z, )] {1217 — |21 (2.21)
< Mk ()| |y = gl + e M2 k(2 t)] |2 — 2|
< Ku(ly—gl+1z—2)),

A

in which Kpy =y MM ~1 sup  |ky(x, )] + 2 M2~1 sup  |ko(x,t)].
0<,t<1 0<z,t<1

Therefore, (H4) holds. It leads to Theorem 2.3 is true for Eq. (2.19).

(ii) Case 2. ki, ko € C'(]0,1] x [0,1]) and 0 < 1, 72 < 1.

In this case, ¥ € C([0,1] x [0,1] x R?%;R) satisfies (Hy). We check it as follows.
Using the inequality |y|” <1+ |y|, Vy € R, Vv € (0,1), we get

U (2, ty,2)] < ki@ O]yl + [ka(z, )] ]2 (2.22)
< k(e O (1 Jy[) + [ka(z, )] (14 [2])
< ko(a,8) (T + [yl +2]),
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with ko(x,t) = |k1(z,t)] + |k2(x, t)|. Tt is clear that

1 2
sup / k3 (x, t)dt < < sup ko(x,t)> < 4o00.
0

0<z<1 0<z,t<1

Thus, there exists a nonnegative function kg : [0, 1] x [0, 1] — R defined as above and a constant « = 2 > 1
such that (H,) holds. Theorem 2.5 is also true for Eq. (2.19).

3. Second order algorithm

In this section, we begin with making the hypothesis ¥ € C'(]0,1]?> x R%;R) and use the approximation of
U(z,t,u) v®) in the form

Uz, t,u™ 0™y = Wz, t,u Y 0D 4 Dy (¢, w0 D) (u(”) - u(’kl))

+D, W (z, t,u? ™ 1) (v(”) - v(’kl)) ,
where u®) = f)(gy(t)), v®) = fOGS(t) f®)(s)ds, to obtain the following algorithm for Eq. (1.1)
g o1(x)
@) = Ya@fme)+ [ v (W) d (31)
i=1 0
o1(x) L
+ [ Dau (WO t) (1(0a(0) - 1 Dioalt)) de
0
o1(x) os3(t) o3(t)
w [ (W) ([ s [T 5 ds ) de -+ g(o),
0 0 0
forall z € Q and v =1,2,---, where f(© € K is given and W®)(z,t) € [0,1]? x R? is
Ug(t)
W (z,t) = (x,t,f(”l)(az(t)% / f<"1><s>ds> : (3:2)
0

Rewrite (3.1) in the form

@) = U@+ [ " W 7O 00) + 8 1) / " f<”><s>ds] i (33
+9") (),
forx € Qand v=1,2,---, with qu”) (x,1), \I!ff) (z,t) and ¢)(z) depending on f*~1) as follows:
v (2, t) = D; U (W(”) (x,t)) L i=3,4, (3.4)



THUC et al./Turk J Math

and

o1(x)
@) = glo)+ / W) (o, £)dt (3.5)
0

/01(96)
0

oW (2, t) = \IJ(W(”)(x,t)).

o3(t)
U (@, 1) f D (02 (1)) + U (2, 1) /0 t f(”_l)(s)dsl dt,

Then, we have the following.

Theorem 3.1. Let (Hy) — (Hz3) hold and let ¥ € C'([0,1]2 x R%;R). If f=Y € X satisfies

q
= Nl o (D% (w,t,y,2)] + [Da¥(z, .y, 2)]) foully <1,
1= xz,t,y,z)eDW

where D) = [0,1]% x [— Hf(”_l)HX , Hf(”_l)HX]z, then Eq. (3.3) has a unique solution f*) ¢ X.

Proof. We write Eq. (3.3) in the form of an operational equation in X
fW =1, 10, (3.6)

where

o1(x) os(t)
T = UHE)+ / B (2, 8) foa(t)) + U (2, 1) / f(s)ds] dt (3.7)

+9")(2),

for x € Q and f € X.
It is not difficult to check that T, : X — X and

| T f —Tofllx <wlf—Fllx forall f, feX.

Using Banach’s fixed point theorem for 7, : X — X, it follows that Eq. (3.6) has a unique solution

f®) € X. Theorem 3.1 is proved.
Next, we strengthen the following hypotheses:

(Hs) ¥ e C2([0,1)2 x R%;R),
(Hs) llgllx + (Mo + My +2Mp. M?) M ||| < M (1= 3L, eilly)

where

MO: sup |\I/(£Zf,t70,0)|
0<z<1, 0<t<1

MO* = sup{|‘1’(z,t,y,z)| : (l',t,y,z) € DM}a
M. = sup {(|D3V| + |Ds¥|) (z,t,y,2) : (z,t,y,2) € Dy},
MQ* = Sup{(|D§\If| + ‘D3D4\I]| + |D£\Ij|) (I]’J,t,y,Z) : (:c,t,y,z) € DM} )

with Dy = {(z,t,y,2) 1 2,6t € [0,1], y,z € [-M, M]}.

1398



THUC et al./Turk J Math

Theorem 3.2. Let (Hy) — (Hs), (Hs), (Hg) hold. Assume that f is the solution of Eq. (1.1) and the
sequence {fW)} is defined by algorithm (3.3)—(3.5).
(@) If |[£ O <M, then

2
Hf(l/) - fHX S BM Hf(u_l) - fHX ) VV = 172a B (38)
where
2|0 || x Mo
Bu = > 0. (3.9)
1370 llaillx = llon ]l x M

(#) If the first term O s given sufficiently near f such that B Hf(o) — fHX < 1, then the sequence

{f(”)} converges quadratically to f and furthermore the estimate is obtained as follows:
50 1], = 5 (Bl = 1],)" w1 (3.0
— — — V= cee )
X — BM M X ) ) b
Proof. First, we verify that if ||f(0)||X < M, then

Hf(V)

<M, YZw=1,2,---. (3.11)
X
Indeed, by induction we assume that
Hf(u—l) H <M, (3.12)
X

we deduce from (3.3) that

19|, < (2L ol + e llnll ) || £ + (9] - (3.13)
Note that (Heg) leads to .7, ||as| x + M |jo1]|x < 1, therefore (3.13) gives
()
1], < =, S 1
Estimating the term ||g(")||X : From (3.4) and (3.5), we obtain
9" (x) = g()
+ [T [ (W (2, 1)) — Da® (WO (2, 1)) f@=D(0a(t)) (3.15)

= Dy (W (a, 1)) [ F=1 (s)dsdt.
On the other hand, by using the Taylor’s expansion of the function ¥(z,t,0,0) up to order 2 at W) (x, t)
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(given in (3.2)), we get

(24,000 = WW (1)~ Dyw (W (2,0)) f ) (02(1)) (3.16)

Dy (W (a,1)) /0 b (s + S D3 (WO (1) |7 o2(0))|

a3(t)
D3 DU (WW)(Q;J)) FOD (0o (1)) / t FOD(s)ds
0

O'3(t)
/ £ (s)ds
0

2

i

+%D§\I/ (W(”)(x,t))

where

Ug(t)
W® (z,t) = (x,t,&f(”l)(ag(t)), 9/ f<V1>(s)ds> , 0<6<1.
0

Therefore

‘\II(W(”) (2,1)) — D3 ¥ (W(”) (:c,t)) FOD(a9(1)) (3.17)

Dy (W (a,1)) / P 0 (5)ds
0

- ’\Il(x,t,070) - %ngz (W(”)(x,t)) ‘f(”_l)(oz(t))r

a3 (t)
D3040 (W (@.1)) £ (0(1)) / FED ()ds

0

O’3(t)
/ FY(s)ds
0

—%szp (W(”)(a:,t)) 2

1 2 2 1 2
Mo Mo |0 b 10| St 5070
2 X x 2 X

IN

2
= Mo+ 2Ms, Hf(yfl)HX < My + 2My, M?.

It follows from (3.15) and (3.17) that

H g

o S gl + llonllx (Mo +2Mo. M) (3.18)

Hence, from (3.14), (3.18), and (Hg), we obtain

M, 2Mo, M?
< llgll x +q||‘71||x( 0 +2M3.M?) <M. (3.19)
X 1- Zi:1 ”0‘1'”)( — M. ”‘TIHX

H Q)

which implies (3.11).

1400



THUC et al./Turk J Math

Estimating the term Hf — f(”)HX : Put e = f — ) we obtain from (1.1) and (3.1) that

e (@) = (Ue)() + [ [w (w8 f(020), J;* O F(s)ds)
—DsU (WO (2,8)) O (0a(t) — Dy (W) (,2)) [T f(”)(s)ds} dt
— [ [ (W (@, 1) — Dy (W) (a,8)) £ (0a(8))

—DyU (W) (1)) [+ f<V—1>(s)ds} dt.

Also using Taylor’s expansion of the function ¥ (a:, t, f(Y), fOZ f (s)ds) at the point

Z
(x,t,f<”—1><Y>, / f<”—1><s>ds>,
0

up to order 2, we obtain

7Z
v (x,t,fm, /O f(S)d8>

Z
v (x,t, FU, / f<“><s>ds)
0

z
+D3WU <x7t,f(1/—1)(y),/ f(”_l)(s)ds> e(u—l)(Y)
0

z z
+D, ¥ (m,t,f(”_l)(Y),/ f(”_l)(s)ds> / eV (s)ds
0 0

2
%ngf (w<"> (x,1,Y, Z)) ‘eW*U(Y)‘

Z
1Dy D U (w(”> (2,1,Y, Z)) e<V—1>(Y)/ =1 (s5)ds
0

2

1 Z
+-D3¥ (w(”) (z,t,Y, Z)) / e V(s)ds | ,
2 0

where

Z
w<”><x,tyy,z>=<x,t, SO + 0 (), / (107D (5) + 06t D(s)] ds>,
0

0<fO<l.

(3.20)

(3.21)

Substituting (3.21) into (3.20), with replacing Y = o3(t), Z = o3(t) in the arguments of f, f®~1,
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=D w®) appeared in (3.21), we get

eM(z) = (Ue)(z) (3.22)

o1 (w)
/
0
2

o1(z)
+1/ ng(w@)(x,t)) \e@*l)(ag(t))’ dt
2 0

R (W(”)(x,t)> e (04(t)) — Dy (W<V> (m)) / o e<V>(s)d51 dt
0

o1(z) o3(t)
+ / D3 D4 ¥ (Q(”)(xﬂf)) =1 (05 (1)) / =V (s)ds| dt
0 0

2
1 0’1(1) Ug(t)
+*/ D3U ((I)(V)(:E,t)> / e Y(s)ds | dt,
2 0 0

where 0 (z,t) = w®) (z,t, 04(t), 03(t)).
Combining (3.12), (3.22), the result is

He(y) x = HUG(D) i T llonllx M [t (3.23)
]. _ 2 b 2 1 L 2
5 ol Mo D +lloallx Mo |||+ 5 llonll M [0
q » o 2
< (X0 el + llorllx M) || + 2 ol Mo |0
Consequently
2 ||o1]| x Mo L 2
(v) X (v 1)H =4 H (v 1)H (3.24)
€ - € =pPm € . .
” x 7 1= lailly = llowllx M. X x

Hence, we obtain (3.8) via (3.9) and (3.24). Finally, from (3.8), (3.10) follows. Theorem 3.2 is proved.
Remark 3.1. If g is chosen large enough such that

oMo
A

(Ho) _ H < HT 0) _ <o>‘
ﬁMHg fX_BM g g vl—0o

by choosing f(®) = g(#0) | then the first term f(©) obtained is sufficiently near f such that

sl o], 1

4. Smoothness of solutions

In this section, we shall prove that the smoothness of the solution of Eq. (1.1) depends on given data. More
precisely, by assuming that the functions 7;, o7 :[0,1] = [0,1], a;, ¢g:[0,1] = R, ¥:[0,1] x [0,1] x R? - R
are of class C" while the functions oy, 03 : [0,1] — [0,1] are of class C™~! satisfying some auxiliary conditions,
we shall prove that the solution f of Eq. (1.1) is of class C".

First, it is convenient to use the following lemma.
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Lemma 4.1 Let 7, o; € X, (i =1,--+,q), satisfy (Hz). Then, for all g € X, there exists a unique function
f € X such that f is a solution of the following equation

q

flx) =) ail@)f(ri(x)) + g(x), Va € [0,1]. (4.1)

i=1

Proof of Lemma 4.1. Tt is clear that a unique solution of Eq. (4.1)is f = (I —U)"1g. O

We now make the assumptions for the functions g, 7, o, o, ¥ as follows, in which the functions g,

U, 75, o, o1 are of class C':
(HY) g€ CHLR);

(H2(1)) Ti, a; € CHEGR), (i=1,---,q), such that
(i) 7:(z) € [0,1], V2 € [0,1], (i =1,--- ,q),
|

il x <1;
(Hg(,l)) o1 € CHQ;R) and 09, 03 € X such that o;(z) € [0,1], Vo € [0,1] (j = 1,2,3);
HY) W ec([0,1] x [0,1] x R%R).

Let f € C1(Q;R) be the solution of (1.1). Differentiating the members of (1.1), we obtain that f’ satisfies

the equation below

f(@) = ia&” (@)f (7s(2)) + g (), v € [0,1], (42)
in which
all@) = a@)r(@), i=1,.q, (4.3)
M) = @)+ /Oal(x)Dl\I/(oU(:c,t))dt
M) = g’(x)+iaé(x)f(n(x))+\lf(W(x)) o1 (@),

as(t)
B(et) = <x,t,f<ag<t>>, / f(s)ds>,
(o3001)(x)
W(z) = d(z,o1(x)) = (z,al(x),(foag 001)(33)),/0 f(s)ds) .

In (4.1), the derivatives f'(0), f'(1) at = 0, x = 1, respectively, mean that f’(0) = f1(0), f'(1) =
fL().

By the fact that f € C1(Q;R) and the functions g, ¥, 7, «;, o1 are of class C! while oy, 03 € X,
we obtain g, agl] € X in (4.3).
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Considering the following equation

Za[” (z)) + gM(z), vz € [0,1]. (4.4)

Because of aE” € X satisfying the following condition given in (Hél)) (ii)

q q
2 [”H = E Ty <1 4.5
— Haz X — Hasz”X I ( . )

applying Lemma 4.1, there exists a unique function FI!! € X such that F[! is the solution of (4.4). On the
other hand, f’ satisfies (4.2), it leads to f' € X and f’ is also a solution of (4.4). By the uniqueness of (4.4),
FUl € X is also the derivative f’ of f.

We continue to strengthen the assumptions for the functions g, 7, a;, o, ¥ as follows, in which the

functions g, ¥, 7, «;, o1 are of class C" (r > 2):
(H") g€ C(%R);

(H2(T)) Ti, o € C" (4 R), (i = 1,--- ,q), such that
() ) [ },Vl‘E[O,l},(iZl,n-,q)’
|

i(z
d T
; i (7)"[| ¢ <15
(H?()T)) o1 € C"(§;R) and 09, 03 € C" (4 R) such that o;(z) € [0,1], Vo € [0,1] (j = 1,2,3);
(HY  Wecr(0,1] x [0,1] x R%R).
With the similar arguments as above, let f € C"(€;R) be the solution of Eq. (1.1). By differentiating
the members of Eq. (1.1) with 7 times, which implies that f(") satisfies the equation

£ (@ Za[r] (z)) + g"(z), Vo € [0,1], (4.6)
in which

13"' y 45 (47)

e}
=
—
&
Il
Q>
=
—

8
S~—

+

S—
2
&

)

3

(S
—

8
N
S~—

<

I

@@ = () @ +Z( N (@)D () + Dy (W) ) of )
By the fact that f € C"(Q;R) and the functions g, ¥, 7;, «;, o1 are of class C", while g9, o3 are of
class C"~1 we obtain gl"!, ay] € X in (4.7).
Applying Lemma 4.1 again for the following equation

Fi(z Za[’“] () + g"l(x), vz € [0,1], (4.8)
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[r]

with a; ' € X satisfies

q q

L — r
; ]|, = ; lovi ()" [| ¢ < 1, (4.9)
as in (HZ(T)) (i1), there exists a unique function FI") € X which is the solution of (4.8). On the other hand,
) satisfies (4.6), so f() € X and f(") is also a solution of (4.8). By the uniqueness of (4.8), it is clear that
Fl'l € X is the r-order derivative f(") of f.

Finally, we conclude that the following theorem is true and therefore, we have finished the main contents

in this section.

Theorem 4.2 Let the functions g, 7, o, oj, ¥ satisfy (Hl(r)) - (Hy)). Then, there exist the functions
f€CT(4R) and FU'l € X such that f is the unique solution of Eq. (1.1) and FI"l is the unique solution of
Eq. (4.8). Furthermore, FUl is the r-order derivative of f, i.e. FI'l = f(r),
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