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Some Integral Formulas on Compact Riemannian Submanifolds in R™
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Abstract:
In this paper, integral formulas are given for Riemannian manifolds of constant curvature.

Keywords: Riemannian manifold, compact manifold.

R™ de Kompakt Riemann Alt manifoldlar Uzerinde Bazi Integral

Formulleri

Ozet:
Bu makalede sabit egrilikli Riemann manifoldlari icin integral formilleri verildi.

Anahtar Kelimeler: Riemann manifoldu, kompakt manifold.

1. Introduction

Cao [1] obtained integral formulas for minimal space-like hypersurfaces in (n+1)-
dimensional indefinite space form. Ximin [2] obtained integral formula for minimal space-like
hypersurfaces in (n+p)-dimensional indefinite space form. Similar integral formulas were
obtained in Sasakian space form by Bektas and Turhan [3]. In this paper we are going to obtain
these integral formulas for Riemannian manifold of constant curvature as following.

Theorem 1. Let M" be an n-dimensional compact submanifold of an m-dimensional
Riemannian manifold of R™, then

j{%ZK;ijk+ZR;j—nKs}dvso (1)
Mn

where ZKﬁﬂjk is the square length of the sectional curvature, ZRﬁ“- is the square length of
the Ricci curvature tensor, S is the scalar curvature, dV is the volume element of M"

Theorem 2. Let M" be n-dimensional compact submanifold of m-dimensional
Riemannian manifold of R™ with constant sectional curvature, then

.[{%ZKﬁ]ijk+2Rr2nj_nKS}dVSnzK(n—l)(KJrOﬂz)VOl(Mn) @)
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where ZKﬁﬂjk is the square length of the sectional curvature, ZRﬁ“- is the square length of

the Ricci curvature tensor, S is the scalar curvature, dV the volume element of M" , a is the
mean curvature of M" .

Theorem 3. Let M" be n-dimensional compact submanifold of an m-dimensional
Riemannian manifold of R™, then

.[ {%ZKﬁqijk —Enz(n+2)+n—£—2jh2 +(n®-3n° +2)Kh}dV
n

Mn

©))
<nK?(n-1)Vol(M")

where Z Kﬁmk is the square length of the sectional curvature, dV is the volume element of M".
2. Local Formulas
We will use the same notation and terminologies as in [4] unless otherwise stated.

Let M" be an oriented Riemannian manifold of dimension m >3, i.e., there is given in
each tangent space Tp(Rm), peR™, apositive definite scalar product which varies in a C*

manner with p. The scalar product will be denoted by <§,n>, E, ne Tp(Rm). We will agree
on the following ranges of indices unless otherwise stated:

1<i,jk,...<n ; n+1<rst...<m  ; 1<A/B,C..<m (@)

By an orthonormal frame (p,eq,es,....eyn) is meant an ordered set of m vectors in the same
tangent space Tp(Rm), which defines the orientation of R™ and which satisfies the relation
<eA,eB> =0,p, Where 8,5 are the Kronecker deltas. The frame e, defines unigely a dual

coframe wg in the cotangent space Tp*(R ™) and vice versa. The element of arc is given by
ds? =Y Wh (5)
A

Let F(R™) be the bundle of orthonormal frames of R™. The structure equations of

F(R™) are given by

_ _ _ — — l—= .
dW pp = ZWAC AWeg+Qp Qpp :EZRABCDWC AWp, (6)
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Wpg +Wpgp =0,

where W o5 and Q5 are the connection foms and the curvature forms, respectively.

Let x:M" >R™ be an isometric immersion of an n-dimensional Riemannian
manifold M" into R™. Let F(M") be the bundle of orthonormal frames of M", and B the set

of elements b=(p,e;,....e,) such that (p,e;,...e,)eF(M") and (x(p),e;,....en) e F(R™).
Let X:B—F(R™) be defined by X(p,e;,....em) = (X(P), 1,8y ), aNd WA, W a5, Qg be the
induced forms on B from wa,wag,Qas by the mapping X . Then we have

w, =0. ()

Taking its exterior derivative and making use of (6), we get

By Cartan’s lemma we have

Wi, = zArijo v A=A 9)
The mean curvature vector is defined by
1
ir

Let M" be a pseudo-umbilical submanifold of R™, and we always choose the first unit normal
vector e, in the direction of mean curvature vector, i.e.

H=agn; , ao>0 (11)

where o is the mean curvature of M" in R™. By the definition of pseudo-umbilical
submanifold, we get

(12)
and

YAH=0 , r=n+2..m. (13)
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Now, assume that R™ has constant sectional curvature K, i.e.

Then by (6) and (9), we have

Then the curvature forms Q;; of M " can be written as

By expressing Q;; as a 2-form of w:
1
Qj; :EzKijkIWk AWy,

we obtain

Kij = —K(Bydj —8)d) — Z(ArikArjl —AniAik) - (17)
Thus the Ricci tensor R is given by

Rik = ZKijki =(N-DK3, - ZArikArji + ZAriiArjk (18)
Thus, by (12) and (18), we get
9 m n
R =(n-D(K+a")3) — > > AuAg - (19)
r=n+2 i=1

Let z :Zziei be a unit tangent vector field over M". If, for every normal vector

m
field u= Z u.e, perpendicular to the mean curvature vector field H we have
r=n+2

(z,Du)=0 , (20)

then z is called a principal direction in R™. The Ricci curvature R(z) in the direction z is
defined by
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(21)

Let x:M" ->R™ be an immersion of M" in a Riemannian manifold of constant
sectional curvature K as a pseudo-umbilical submanifold, the scalar curvature S and the mean

curvature o, satisfy the inequality:

S=> R, <n(h-1)(K+a?).

(22)

If the dimension of M" is >3, then the equality sign of (22) holds when and only when M"

has constant sectional curvature K + a.2.

3. Proof of the theorems

Proof of the Theoreml. From the definition of Laplacian we have

AA = ZArimekjk + ZArkamijk :

From (13), (17) and (23), we get
ZArij A Arij = ZArijArkamijk + ZArijArimekjk
1
zArij A Arij = EZ (ArijArmk _ArmjArik) Kmijk
+ Z(ArijArim - AriiArjm) (-R mj)
If equality (17) is used in the first term at the right side of the equality (24), we have
LS AP~ AAri) = = [ K (B = 8 )+ Ko
E rmk /N rij T MmNk ) T E - mk Yij — YmjYik mijk | *
If the equality (17) is used in second term at the right side of equality (24), we find

Z AnimAgi —AGiAn) = —K(8im05 - 6;i0;,) + K

j ijim -

If (25) and (26) are written in (24), we have

ZArij A A :%Z[_ K (Smksij _Sijik)Jr Kmijk]Kmijk
+Z[‘ K (Siméji =80 )“‘ Kijim](‘ ij)

or
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zArijAArij ZK mijk +ZR 12[— (5 5 5mJ§Ik)]Kmijk
+Z[K( S8y — 0, ,m)](ij).

After some calculation last two terms at the right side of (27) are obtained as the following:

%Z[_K(Smksij mj |k)]Km|Jk "‘Z[K( im0 i 5;5 Jm)](ij)z_nKS' (28)

If (28) is written in (27), we find

ZA,U. AAg = ZK 2 ik +ZR (29)

From Cao [2] and Ximin [3], we have the following:

j{ > K2+ > R —nKS}dV<O

This completes proof of Theorem1.

(27)

Proof of the Theorem2. If (22) is considered in (1), the proof of the theorem is trivial.

In order to prove Theorem3, we need the following, we have lemma.

Lemma 3.2. Letay, .. ., a, be real numbers, then
1 2
@) =(Xaf. (30)
where the equality sign holds when and only when a; =. .. = a,.

Proof of the Theorem3. If (12) is considered in (19), we have

Ry =M-D(K+a?)s,, —Zazausm, (31)

If (30) is used in (31), we find
D RE=n(n-D*(K+a®)? -2(n-D(K+a’)a’ + ) o
>n(n-1)2(K+02)? —2(n—1)(K +a?)o? += 3 (@?)?
n

If we put ) a® =h, we get
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ZRzmjZn(n—l)Z(K+oc2)2—2(n—1)(K+a2)a2+%h2 (32)

If (32) and (22) are used in (1), we obtain

J- {%ZKiﬂjk _[nz(n +2)+n—1—2jh2 +(n3 ~3n? +2)Kh_nK2(n_1)}dV§O
n

Mn

or

J. {%ZKriijk _(nz(n +2)+ n—l—Zjhz +(n®-3n° +2)Kh} dv
M" n

<nK?#(n-=1)Vol(M").
This completes the proof.
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