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Some Integral Formulas on Compact Riemannian Submanifolds in Rm

Mihriban KÜLAHCI(ALYAMAÇ), Mahmut ERGÜT, Mehmet BEKTAŞ 
Fırat University, Faculty of Arts and Science, Department of Mathematics, 23169 Elazığ, TURKEY 

Abstract: 

In this paper, integral formulas are given for Riemannian manifolds of constant curvature. 

Keywords: Riemannian manifold, compact manifold. 

Rm de Kompakt Riemann Alt manifoldları Üzerinde Bazı İntegral 

Formülleri 

Özet: 

Bu makalede sabit eğrilikli Riemann manifoldları için integral formülleri verildi. 

Anahtar Kelimeler: Riemann manifoldu, kompakt manifold. 

1. Introduction 

Cao [1] obtained integral formulas for minimal space-like hypersurfaces in (n+1)-
dimensional indefinite space form. Ximin [2] obtained integral formula for minimal space-like 
hypersurfaces in (n+p)-dimensional indefinite space form. Similar integral formulas were 
obtained in Sasakian space form by Bektaş and Turhan [3]. In this paper  we are going to obtain 
these integral formulas for Riemannian manifold of constant curvature as following. 

Theorem 1. Let Mn be an n-dimensional compact submanifold of an m-dimensional  
Riemannian manifold of Rm , then  
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where  is the square length of the sectional curvature, ∑ 2
mijkK ∑ 2

mjR is the square length of 
the Ricci curvature tensor, S is the scalar curvature, dV is the volume element of Mn

Theorem 2. Let Mn be n-dimensional compact submanifold of m-dimensional  
Riemannian manifold of Rm with constant sectional curvature, then  
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where  is the square length of the sectional curvature, ∑ 2
mijkK ∑ 2

mjR is the square length of 
the Ricci curvature tensor, S is the scalar curvature, dV the volume element of Mn , α is the 
mean curvature of Mn .  

Theorem 3. Let Mn be n-dimensional compact submanifold of an m-dimensional  
Riemannian manifold of Rm, then  
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where  is the square length of the sectional curvature, dV is the volume element of M∑ 2
mijkK n.  

2. Local Formulas 

We will use the same notation and terminologies as in [4] unless otherwise stated. 

Let Mn be an oriented Riemannian manifold of dimension , i.e., there is given in 
each tangent space , , a positive definite scalar product which varies in a  

manner with p. The scalar product will be denoted by 

3m ≥

)R(T m
p

mRp∈ ∞C

ηξ, , ξ , η ∈ ) . We will agree 
on the following ranges of indices unless otherwise stated: 

R(T m
p

n,...k,j,i1 ≤≤      ;     m,...t,s,r1n ≤≤+      ;     m,...C,B,A1 ≤≤  (4) 

By an orthonormal frame )e,...,e,e,p( m21  is meant an ordered set of m vectors in the same 

tangent space , which defines the orientation of  and which satisfies the relation  )R(T m
p

mR

ABBA e,e δ= , where  are the Kronecker deltas. The frame  defines uniqely a dual 

coframe 
ABδ Ae

Bw  in the cotangent space  and vice versa. The element of arc is given by  )R(T m*
p

∑=
A

2
A

2 wds  . (5) 

Let  be the bundle of orthonormal frames of . The structure equations of 

 are given by 

)R(F m mR

)R(F m
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ABCBACAB wwwd Ω+∧= ∑      ,    DCABCDAB wwR
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∧=Ω ∑ , (6) 
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0ww BAAB =+ ,  

where ABw  and ABΩ  are the connection foms and the curvature forms, respectively. 

Let  be an isometric immersion of an n-dimensional Riemannian 
manifold  into . Let  be the bundle of orthonormal frames of , and B the set 

of elements  such that  and . 

Let 

mn RM:x →
nM mR )M(F n nM

)e,...,e,p(b m1= )M(F)e,...,e,p( n
n1 ∈ )R(F)e,...,e),p(x( m

m1 ∈

)R(FB:x~ m→  be defined by )e,...,e),p(x()e,...,e,p(x~ m1m1 = , and  be the 

induced forms on B from 
ABABA ,w,w Ω

ABABA ,w,w Ω by the mapping x~ . Then we have 

0w r = . (7) 

Taking its exterior derivative and making use of (6), we get  
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By Cartan’s lemma we have 

∑= jrijir wAw     ,    rjirij AA =  . (9) 

The mean curvature vector is defined by 

∑=
r,i

rriieA
n
1H . (10) 

Let  be a pseudo-umbilical submanifold of , and we always choose the first unit normal 
vector  in the direction of mean curvature vector, i.e. 

nM mR
1ne +

1neH +α=      ,     >0 (11) α

where  is the mean curvature of  in . By the definition of pseudo-umbilical 
submanifold, we get 

α nM mR

 

ijij,1nA αδ=+  , (12) 

and 
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Now, assume that  has constant sectional curvature K, i.e. mR

BAAB wwK ∧−=Ω . (14) 

Then by (6) and (9), we have 

∑ ∑ ∧−∧−∧= jijrirkjikij wKwwwwwdw . (15) 

Then the curvature forms  of  can be written as  ijΩ nM

∑∑ ∧−∧−=∧−=Ω jrirjikjikijij wwwKwwwdw . (16) 

By expressing  as a 2-form of : ijΩ kw

∑ ∧=Ω lkijklij wwK
2
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we obtain 
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Thus the Ricci tensor  is given by jkR
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Thus, by (12) and (18), we get 
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Let  be a unit tangent vector field over . If, for every normal vector 

field  perpendicular to the mean curvature vector field H we have 
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then z is called a principal direction in . The Ricci curvature R(z) in the direction z is 
defined by  

mR
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∑= kjjk zzR)z(R . (21) 

Let  be an immersion of  in a Riemannian manifold of constant 
sectional curvature K as a pseudo-umbilical submanifold, the scalar curvature S and the mean 
curvature  satisfy the inequality: 

mn RM:x → nM

α

∑ α+−≤≡ )K)(1n(nRS 2
jj . (22) 

If the dimension of  is 3, then the equality sign of (22) holds when and only when  
has constant sectional curvature . 

nM ≥ nM
2K α+

3. Proof of the theorems 

Proof of the Theorem1. From the definition of Laplacian we have 
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From (13), (17) and (23), we get 
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If  equality (17) is used in the first term at the right side of the equality (24), we have  
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If the equality (17) is used in second term at the right side of equality (24), we find  

 K) -( K )AAAA( ijimjmiijiimrjmriirjirim +δδδδ−=−∑ . (26) 

If (25) and (26) are written in (24), we have  

( )[ ]
( )[ ]( )mjijimjmiijiim

mijkmijkikmjijmkrijrij

R- K K                       

K K K
2
1A  A

∑
∑∑

+δδ−δδ−+

+δδ−δδ−=∆
  

or 

565 



M. Külahci(Alyamaç), M. Ergüt and M. Bektaş 
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After some calculation last two terms at the right side of (27) are obtained as the following: 
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If (28) is written in (27), we find  
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From Cao [2] and Ximin [3], we have the following: 

0dV nKSRK
2
1

nM

2
mj

2
mijk ≤

⎭
⎬
⎫

⎩
⎨
⎧ −+∫ ∑∑ .  

This completes proof of Theorem1. 

Proof of the Theorem2. If (22) is considered in (1), the proof of the theorem is trivial.  

In order to prove Theorem3, we need the following, we have lemma. 

Lemma 3.2. Let a1 , . . . , an be real numbers, then  
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where the equality sign holds when and only when a1 = . . . = an . 

Proof of the Theorem3. If (12) is considered in (19), we have 
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If (30) is used in (31), we find 
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If we put , we get h2 =α∑
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If (32) and (22) are used in (1), we obtain 
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This completes the proof. 
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