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Abstract. In this paper, the weak and strong solvability of the second boundary-value

problem for a parabolic differential-difference equation is considered in spaces like Lp(0, T ;X).

The spaces of initial data are described in terms of Besov spaces.
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Lp uzayında parabolik diferensiyel-fark denklemi için ikinci
sınır-değer probleminin zayıf ve güçlü çözülebilirliği

Özet. Bu makalede parabolik diferensiyel-fark denklemi için ikinci sınır- değer probleminin

zayıf ve güçlü çözülebilirliği Lp(0, T ;X) gibi uzaylarda ele alınmıştır. Başlangıç değer

uzayları Besov uzayları kullanılarak ifade edilmiştir.

Anahtar kelimeler. Diferensiyel-fark denklemleri, başlangıç değer uzayı, maksimal regülerlik.

1 Introduction

In this paper, we consider the following second boundary-value problem for a parabolic differential-

difference equation in a bounded domain Q ⊂ Rn with Lipschitz boundary ∂Q

ut −
n∑

i,j=1

(
RijQuxj

)
xi

+
n∑

i=1

RiQuxi +R0Qu = f(x, t) ((x, t) ∈ QT ) (1.1)

with the boundary condition

n∑
i,j=1

RijQuxj cos(ν, xi) = 0 ((x, t) ∈ ΓT ) , (1.2)

and the initial condition

u|t=0 = φ(x) (x ∈ Q) , (1.3)
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where QT = Q× (0, T ), 0 < T <∞, ΓT = ∂Q× (0, T ), ν is the external unit normal to ΓT (it exists

at almost every point of ΓT ), f ∈ L2(QT ), and φ ∈ L2(Q). The operators Rij,Q, RiQ, and R0Q will

be described later, it is only important that they are multipliers in spaces Hs(Q) for small |s|.

Note that the second mixed problem for parabolic functional differential equations arises in the

theory of nonlinear optical systems (see, e.g., references in [8]).

We study the weak solvability of problem (1.1)–(1.3) in Lp(0, T ; H̃
−1(Q)) and strong solvability in

Lp(0, T ;L2(Q)). The main idea is to associate an operator A in H̃−1(Q) (as well as its part in L2(Q)

denoted by A) to the elliptic part of the problem and to reach the abstract Cauchy problem

u′ +Au = f, u(0) = φ.

In order to apply well-known results [2, Ch. 1, Sec. 3], we have to prove that negative operators

A and A generate analytic semigroups and describe the interpolation spaces
(
H̃−1(Q), H1(Q)

)
1− 1

p ,p

and (L2(Q), D(A))1− 1
p ,p

. The first interpolation space can be described in terms of Besov spaces for

0 < p <∞, when the problem of description of the second space is that in general we do not know the

space D(A). But we show that it can be described for 1 < p ≤ 2, using the recently proved equality

D(A1/2) = H1(Q) (see [9]).

For the history of the problem and its connection with the Kato square root problem see [8] and

literature therein.

2 Weak solvability

Let us introduce bounded difference operators Rij , Ri : L2(Rn) → L2(Rn) by the formulas

(Riju)(x) =
∑
h∈M

aijhu(x+ h) (i, j = 1, 2, . . . , n),

(Riu)(x) =
∑
h∈M

aihu(x+ h) (i = 0, 1, 2, . . . , n).
(2.1)

Here, aijh, aih are complex numbers, the set M consists of a finite number of vectors h ∈ Rn with

integer coordinates.

We introduce the following linear operators: IQ : L2(Q) → L2(Rn) is the operator of extension of a

function by zero outside Q; PQ : L2(Rn) → L2(Q) is the projection operator of a function onto Q; and

the operators RijQ, RiQ : L2(Q) → L2(Q) defined by the formulas RijQ = PQRijIQ, RiQ = PQRiIQ.

Let H1(Q) be Sobolev space of complex-valued functions from L2(Q) having all generalized deriva-

tives of the first order from L2(Q).

We also introduce the sesquilinear form a[v, w] in L2(Q) with domain H1(Q) by the formula

a[v, w] =
n∑

i,j=1

(
RijQvxj , wxi

)
L2(Q)

+
n∑

i=1

(RiQvxi , w)L2(Q) + (R0Qv, w)L2(Q) .

The difference operators RijQ, RiQ, R0Q : L2(Q) → L2(Q) are bounded. Therefore, there exists a

constant c0 > 0 such that

|a[v, w]| ≤ c0∥v∥H1(Q)∥w∥H1(Q) (v, w ∈ H1(Q)). (2.2)
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Since the sesquilinear form a[v, w] is continuous with respect to w in H1(Q), there exists a linear

bounded operator A : H1(Q) →
[
H1(Q)

]′
= H̃−1(Q) such that

⟨Av, w⟩ = a[v, w] (v, w ∈ H1(Q)), (2.3)

where ⟨·, ·⟩ denotes a dual pairing with respect to scalar product in L2(Q).

Definition 2.1 The form a[v, w] is said to be coercive if there exist numbers c1 > 0 and c2 ≥ 0 such

that

Rea[v, v] ≥ c1∥v∥2H1(Q) − c2∥v∥2L2(Q) (v ∈ H1(Q)). (2.4)

For the necessary and sufficient conditions of coercivity in algebraic form see [10, Lemma 2.2] (it

is true also in the case ∂Q is Lipschitz, only the second term there must be written as k2∥v∥2L2(Q)).

Further, we shall assume that the form a[v, w] is coercive.

We can assume that c2 = 0 in inequality (2.4). In opposite case, we set u = z ec2t that transforms

operator A to A+ c2I.

To formulate the definition of the weak solution of problem (1.1)–(1.3) we introduce the following

space

Wp(A) =
{
u ∈ Lp

(
0, T ; H1(Q)

)
: u′ ∈ Lp

(
0, T ; H̃−1(Q)

)}
(1 < p <∞).

Definition 2.2 The function u ∈ Wp(A) is said to be a weak solution of problem (1.1)–(1.3) if it

satisfies equation
du

dt
+Au = f for almost all t ∈ (0, T )

and initial condition

u|t=0 = φ.

Note that from [4, Ch. XVIII, §1, Sec. 4, Proposition 9] it follows that for function u ∈ Wp(A),

the value u(0) ∈ H̃−1(Q) is defined (the distributions should be taken on (0, T )).

To formulate the theorem about solvability of problem (1.1)–(1.3) we need the notation of Besov

spaces. We shall introduce the smoothness modul of the second order for a function f ∈ Lp(Q):

ω2
p(f, t)p = sup

|h|≤t

∥∥(f(x− h)− f(x))2
∥∥
Lp(Q)

.

Let 1 ≤ θ <∞ and s > 0 and s = s̃+ α, where s̃ is an integer and 0 < α ≤ 1.

Definition 2.3 ( [3]) We say that function f ∈ Lp(Rn) subsets to functional space Bs
p,θ(Rn) if it has

partial unmixed derivatives up to the s̃-th order integrated in the p-th power (1 ≤ p <∞) and

∥f∥Bs
p,θ(Rn) =

(
∥f∥θW s̃

p (Rn) +

∫ ∞

0

∣∣∣∣ω2
p(f

(s̃), t)

tα

∣∣∣∣θ dtt
)1/θ

<∞.

The space Bs
p,θ(Q) is defined as a restriction of the space Bs

p,θ(Rn) on Q with inf-norm (see [11, Sec.

4.2.1]). We set B0
p,p(Q) = Lp(Q) and B̃−s

p′,θ′(Q) denotes the dual to Bs
p,θ(Q), where 1/p + 1/p′ =

1/θ + 1/θ′ = 1.
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Remark 2.1 We can use interpolation theorems for functions defined on Rn because Theorem 1 from

Sec. 4.3.1 in [11] is true for Lipschitz domain as well by virtue of existing of extension operator

independent on p, θ, and s (see [7]). Definitions of real and complex interpolations can be seen in [11].

The form a[v, w] defines an unbounded linear operator A : D(A) → L2(Q), where domain D(A)

consists from such v ∈ H1(Q) that there exists an element Av ∈ L2(Q) such that

(Av, w)L2(Q) = a[v, w] (∀w ∈ H1(Q)).

By virtue of density H1(Q) in L2(Q), operator A is the part of A in L2(Q). The operator A is

closed and the space D(A) is a Hilbert space (with a graph norm) dense in H1(Q) (see Theorem 2.1

in [5, Ch. VI]).

Theorem 2.2 Let the form a[v,w] be coercive with c2 = 0, 1 < p < ∞, and f ∈ Lp(0, T ; H̃
−1(Q)).

Then problem (1.1)–(1.3) has a unique weak solution u ∈Wp(A) if and only if φ ∈ B
1− 2

p

2,p (Q) for p ≥ 2

and φ ∈ B̃
1− 2

p

2,p (Q) for p < 2. In fact, this solution is given by the formula

u(x, t) = Ttφ(x) +

t∫
0

Tt−sf(x, s) ds, (2.5)

where {Tt} (t ≥ 0) is the analytic semigroup generated by the operator −A.

Proof. By virtue of [6, Theorem 1.55], operator −A is a generator of strongly continuous analytic

semigroup Tt. Then the statement of the theorem follows from Theorems 3.6 and 3.7 in [2] for

φ ∈
(
H̃−1(Q), H1(Q)

)
1− 1

p ,p
(see [2, Ch. 1, Sec. 3]).

From [9, Corollary 3.3] it follows that D(A1/2) = H1(Q) that is equal to the identity D(Aα) =

[H̃−1(Q), H1(Q)]α for 0 ≤ α ≤ 1 (see [1, Theorem 3.5]).

For p ≥ 2, using formula (2) of Sec. 1.15.4 in [11], we obtain that

(H̃−1(Q), H1(Q))1− 1
p ,p

= (D(A0), D(A))1− 1
p ,p

= (D(A1/2), D(A))1− 2
p ,p

= (L2(Q), H1(Q))1− 2
p ,p

= B
1− 2

p

2,p (Q).

For p < 2, using Theorem 2 of Sec. 1.10.3 and theorem on duality of Sec. 1.11.2 in [11], we obtain

that

(H̃−1(Q), H1(Q))1− 1
p ,p

= (H1(Q), H̃−1(Q)) 1
p ,p

= (H̃−1(Q), H1(Q))′1
p ,p

′

=
(
[H̃−1(Q), H1(Q)]1/2, [H̃

−1(Q), H1(Q)]1

)′
2
p−1,p′

= (L2(Q),H1(Q))′2
p−1,p′ =

(
B

2
p−1

2,p′ (Q)

)′

= B̃
1− 2

p

2,p (Q).
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Remark 2.3 By virtue of [10, Theorem 3.2], if p = 2 and f ∈ L2(QT ), then Definition 2.2 is equal

to the definition of weak solution by integral equality.

Remark 2.4 We have to define boundary condition (1.2) for function u(·, t) ∈ H1(Q). We rewrite it

in the form

T+u = 0 on ΓT .

The value of operator T+ : H1(Q) → H̃−1/2(∂Q)) (where H̃−1/2(∂Q) denotes the dual to H1/2(∂Q) =

[L2(∂Q), H1(∂Q)]1/2) on function u ∈Wp(A) is defined by the Green formula⟨
f(·, t), w

⟩
=
⟨
ut, w

⟩
−
⟨
T+u, w|∂Q

⟩
Γ
+ a[u(·, t), w], w ∈ H1(Q).

If the function u is smooth enough (that, as shown in [10], takes place near a smooth part of the

boundary), then

T+u =
n∑

ij=1

Rij,Quxj cos(ν, xi).

3 Strong solvability

We introduce the Hilbert space Wp(A) =
{
w ∈ Lp(0, T ; D(A)) : wt ∈ Lp(0, T ; L2(Q))

}
.

Definition 3.1 Function u ∈ Wp(A) is called a strong solution of problem (1.1)–(1.3) if it satisfies

equation
du

dt
+Au(·, t) = f for almost all t ∈ (0, T )

and initial condition

u|t=0 = φ.

Theorem 3.1 Let the form a[v,w] be coercive with c2 = 0 and 1 < p ≤ 2. Then, for any f ∈

Lp(0, T ; L2(Q)) and φ ∈ B
2− 2

p

2,p (Q), problem (1.1)–(1.3) has a unique strong solution defined by for-

mula (2.5).

Proof. By virtue of [10, Theorem 4.1], operator −A is a generator of strongly continuous analytic

semigroup Tt, and Ttu = Ttu for u ∈ L2(Q) (see [6, Theorem 1.55]). Then the statement of the theorem

follows from Theorems 3.6 and 3.7 in [2] for φ ∈
(
L2(Q), D(A)

)
1− 1

p ,p
(see [2, Ch. 1, Sec. 3]).

By virtue of Theorem 2 of Sec. 1.10.3 in [11],

(L2(Q), D(A))1− 1
p ,p

=
(
L2(Q), [L2(Q), D(A)]1/2

)
2− 2

p ,p

=
(
L2(Q), H1(Q)

)
2− 2

p ,p

= B
2− 2

p

2,p (Q).

Remark 3.2 As it follows from the proof, the restriction p ≤ 2 can be omitted, but we should consider

the space
(
L2(Q), D(A)

)
1− 1

p ,p
instead of

(
L2(Q), H1(Q)

)
2− 2

p ,p
. Also, in general (without assumption

on smoothness of the solution), the domain D(A) is unknown. Thus, we use the fact that D(A1/2) =

H1(Q).
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