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ABSTRACT

Generating chaotic flows on digital hardware is a broader research problem than simply moving a differential equation solver
onto an embedded processor. When a state variable is observed on a screen, the visible trace is shaped jointly by the chosen
numerical method, finite precision, the sampling rate, analog conversion and, if present, feedback. The aim of this review is to
evaluate, within a common critical framework, experimental studies on implementing continuous-time chaotic models on
digital signal processors (DSPs) and related embedded hardware, on observing them with an oscilloscope through a digital-
to-analog converter (DAC), and on changing the control gain during operation. The initial literature pool was complemented
by a documented search of the Directory of Open Access Journals (135 records, 118 screened, 79 eligible), and the
implementation parameters of representative studies were extracted into a common table. Integer-order and fractional-order
flows, microcontroller and field-programmable gate array (FPGA) examples, and different chaos control objectives are treated
separately. The reviewed studies show that numerical attractors can be produced as analog signals and that, in some set-ups,
stabilization or synchronization is achieved in hardware. However, the integration step, the physical update period and the
number format are seldom reported together, validation is mostly visual, and only a few studies close the loop around a
physical analog chaotic circuit. In addition, an attractor on the oscilloscope does not, on its own, prove that the state update is
completed on time at every sample, or that a feedback gain changed by an operator remains stabilizing during the transition;
this question should be framed with the existing theory of switched, slowly varying and gain-scheduled systems. Apparent
methodological differences between studies cannot be treated as direct performance contradictions when the same model,
integration step and validation criterion are not used. The main conclusion of the review is that hardware studies of chaos
provide different levels of evidence about numerical dynamics, timing, analog observation and control behavior, and that these
can only be compared once they are clearly separated.
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1. INTRODUCTION

Lorenz’s deterministic nonperiodic flow is one of the landmarks that demonstrated sensitivity to initial conditions
in the context of a continuous-time differential equation (Lorenz, 1963). Rossler showed that complex behavior
can appear in a simpler family of equations, while studies of Chua’s circuit brought the mathematical description
of the attractor and its electronic observation closer together (Rossler, 1976; Matsumoto, 1984; Chua et al., 1986).
Sprott’s simple flows and the Chen-Ueta system provide different nonlinear terms and computational loads that
can be tested on hardware (Sprott, 1994; Chen & Ueta, 1999).

In the chaos control literature, the stabilization of an unstable periodic orbit by small perturbations by Ott, Grebogi
and Yorke, Pyragas’s delayed feedback and Pecora-Carroll synchronization are different answers to the same
problem (Ott et al., 1990; Pecora & Carroll, 1990; Pyragas, 1992). When these control ideas are moved to a digital
set-up, sampling, computational delay and analog input-output are added to them.

The models and solution techniques used by Wang et al. (2015) and by Shi et al. (2026), who implemented chaotic
flows on digital signal processors (DSPs), differ from each other. Kése and Miihtircii (2017), who built a Lorenz
oscillator on a PIC18F452, and Bulut et al. (2026), who obtained digital-to-analog converter (DAC) output from an
STM32F429, make the path from the state to the analog voltage visible, even though the processor class is different.
In contrast, Yang et al. (2020) add a stabilization experiment to attractor generation on a DSP, and Rivera-Blas et
al. (2019) add active synchronization control to the solution of a chaotic model on a microcontroller. This difference
is especially important when interpreting a gain that can be changed during operation: an attractor whose
parameter can be changed, a controller working with a fixed gain and a feedback coefficient changed online by an
operator are three different types of experiment.

The motivating use case of this review is a laboratory or teaching set-up in which a DSP integrates a chaotic flow in
real time, displays two states on an oscilloscope through a DAC and allows an operator to change a feedback gain
with an external potentiometer read by an analog-to-digital converter (ADC). The use case is narrow, but it
combines numerical integration, real-time execution, analog observation and a time-varying control gain in a single
experiment; it is therefore used here as a test case for the evaluation framework, not as the only relevant
application.

This paper focuses on the conversion of a continuous-time ordinary differential equation (ODE) into a sampled
digital solution, the experimental findings obtained on different hardware, the evidential value of DAC-oscilloscope
measurements and the open questions of live gain changes in chaos control. Studies on discrete-time chaotic maps
and pseudo-random numbers are cited only when they are needed to explain finite-precision or platform limits.
The aim is neither to present new experimental results nor to rank all studies in a quantitative order of superiority;
it is to critically synthesize the connected and diverging findings within the scope shown by the original studies.

Existing books and reviews already cover parts of this ground. Treatments of electronic and FPGA realization
describe how chaotic oscillators are designed, described in hardware description languages and sized in fixed-point
arithmetic (Tlelo-Cuautle et al., 2016), and a separate line of work examines the dynamical degradation of digital
chaotic systems: short cycles and degraded statistics of finite-precision maps (Li et al., 2005), the multiple pseudo-
orbits produced by discretization schemes and roundoff (Nepomuceno & Mendes, 2017), and the dependence of
chaos preservation on the integrator and the embedded platform (Méndez-Ramirez et al., 2019). These sources
address how to realize an oscillator or how arithmetic degrades it. The present review adds a cross-platform
reading of what each hardware experiment actually evidences: numerical fidelity, real-time execution, analog
observation and control behavior are separated into levels of evidence, the implementation parameters needed for
comparison are extracted into a common table, and the question of a gain changed during operation is examined
against the available control theory.

2. REVIEW METHOD AND EVALUATION FRAMEWORK

This study is a narrative and critical review. It does not follow a systematic-review protocol such as PRISMA, but
its literature coverage is documented so that it can be reproduced. The literature was assembled in two steps. First,
an initial set of studies on the implementation, analog observation and control of chaotic flows was identified
through preliminary non-systematic searches, followed by a further search on chaos control and its application
areas; this initial pool corresponds to the 59 references of the originally submitted version, which also include
theoretical, numerical-method and manufacturer sources. Second, to check and extend the coverage of this pool, a
structured search was carried out on 13 October 2026 in the Directory of Open Access Journals (DOA]) through its
public application programming interface, without a lower date limit (the retrieved records span 2011-2026). Four
search strings were applied: S1, (chaotic OR chaos) AND (DSP OR “digital signal processor”) in the title or abstract;
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S2, (chaotic OR chaos) AND (microcontroller OR Arduino OR STM32) in the title or abstract; S3, (chaotic OR chaos)
AND FPGA in the title or abstract, combined with (oscilloscope OR DAC OR “digital-to-analog”) in the abstract; and
S4, (chaos OR chaotic) AND (control OR stabilization OR synchronization) in the title, combined with (DSP OR
microcontroller OR FPGA OR “hardware-in-the-loop” OR Arduino OR dSPACE) in the abstract. DOAJ was chosen
because its queries and counts can be reproduced openly; because it indexes only open-access journals, studies in
subscription journals were covered through the initial pool, backward citation tracking from the included studies
and targeted searches on topics raised during the review (dynamical degradation, switched and gain-scheduled
systems, and control of physical chaotic circuits).

Records were eligible when (i) the chaotic system was a continuous-time flow (integer-order, fractional-order or
delay), (ii) the flow or its controller was executed on embedded digital hardware (DSP, microcontroller, FPGA or
hardware-in-the-loop target), and (iii) a hardware result was reported, either as analog or oscilloscope output or
as control or synchronization on hardware. Records were excluded when the chaotic system was a discrete map
(n = 17), when chaos was not the implemented dynamics, as in chaotic optimizers, chaos-based sequences or
unrelated topics (n = 17), when no embedded execution was reported (n = 2), or when the system type or the role
of the hardware could not be identified from the abstract (n = 3). The search returned 135 records; after 17
duplicates were removed, 118 records were screened by title and abstract and 79 were eligible (Figure 1). Nine
eligible records were already in the initial pool. Most of the 70 newly eligible records report the DSP,
microcontroller or FPGA realization of a newly proposed attractor and therefore represent an evidence type
already covered; four were added to the synthesis because they belong to categories that were under-represented
in the initial pool, namely the coupling of digital hardware with a physical analog chaotic circuit and
microcontroller- or FPGA-based synchronization (Yau etal., 2011; Tagne etal., 2022; Babajans et al., 2025; Karimov
et al,, 2026). Two further hardware studies were identified through the targeted searches (Méndez-Ramirez et al,,
2019; Kent et al,, 2024), and one further application study on chaotic speed control was added (Sarikaya et al.,
2025). The record-level screening decisions are listed in Supplementary Table S1. Screening and data extraction
were not performed in duplicate.

In the critique of the studies, the processor and integrator reported directly by each paper, the observed analog
output, the actual target of the control and the limit of the validation obtained were kept separate. For each
representative hardware study, the model and integrator, the platform and clock, the model step h, the physical
update period T, the number format, the analog interface, the validation measure and the control objective were
extracted (Table 1). Studies were assessed on their full texts unless marked “Abs”, which denotes that only the
abstract and the bibliographic record were assessed; for these studies no inference is drawn about what was or
was not done. Only studies for which every extracted item could be checked against the assessed text are included
in Table 1; the other studies are discussed in the text. In the tables, “not reported” (NR) means that an item was not
found in the assessed text; it is not taken as evidence that the corresponding measurement or experiment was not
performed. For example, the statement “the oscilloscope portraits agree with MATLAB” is the result of a visual
comparison; it does not include the worst-case execution time of the processing loop or Lyapunov stability for a
varying gain. Because the structured search covered a single open-access database, screening was not duplicated
and no protocol was pre-registered, the study is not presented as a systematic review or meta-analysis. The
identified gaps are also interpretations limited to the reviewed studies.
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Initial pool + —> Title and abstract —> Eligible records > . —>| Data extraction and

Added to synthesis . .
DOAJ search (n=118) (n=179) evidence mapping

Duplicates removed From DOAJ (n = 4):

Initial pool: reference (n=17) Already in initial physical-circuit Table 1:
set of the submitted Excluded (n = 39): pool (n = 9) coupling, MCU/FPGA implementation data
DOAI, 13 Oct 2026, chaos not implemented (n = 70), mostly Other sources: 2 hardware Supplementary Table S1:
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execution 2; unclear 3

attractor-realization reports studies, 1 application study,

13 background sources
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1

1

1
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1

1

' record-level decisions
1

1

1 1 1 1
1 1 1 1
1 1 I 1
1 1 1 1
1 1 1 1
1 1 1 . . 1
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Solid boxes: review stages; dashed boxes: counts and criteria. Counts refer to the DOAJ search.

Figure 1. Assembly of the reviewed literature: initial pool, documented DOAJ search (13 October 2026), screening,
eligibility and additions from targeted searches. Counts refer to the DOAJ search; record-level decisions are listed in
Supplementary Table S1.
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3. THEORETICAL BACKGROUND AND NUMERICAL SOLUTION

This section summarizes the numerical concepts on which the hardware comparisons in Sections 4-6 rely. Section
3.1 distinguishes the model step h from the physical update period Ty and relates the choice of integrator to its
computational cost, and Section 3.2 discusses how finite precision, the validity horizon of chaotic trajectories and
multistability limit what a digital attractor can demonstrate.

3.1 Integration Method, Step Size and Computational Load

On a processor, a chaotic flow takes the form x[n + 1] = @, (x[n],u[n]), where @, represents the integrator
applied to dx/dt = f(x,u) and h is the model step. The physical period T, of each hardware trigger is a separate
quantity. Therefore, when the same h is used with different values of T, the discrete index of the generated state
sequence may remain the same, but the time scale drawn on the oscilloscope changes. The set-ups of Bulut et al.
(2026), using the classical fourth-order Runge-Kutta method (RK4), and Shi et al. (2026), using Euler, are suitable
examples of this distinction: since the two papers study different systems, their phase portraits alone do not allow
aranking of the methods in terms of per-sample accuracy or execution time. Figure 2 shows the distinction between
these two time scales schematically.

(a) Discrete state sequence (b) Oscilloscope trace, Ty = Tp
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Figure 2. Representation of the same discrete state sequence in model time t,, = nh and physical time t,, = nTs: (a)
x[n] against the sample index; (b) zero-order-hold output for Ty = T, and (c) for Ty = 2T,. The sequence was generated
from the Lorenz system (¢ = 10, p = 28, § = 8/3) using RK4 with h = 0.03 from the initial condition (x,y,z) =
(1,1,1); the first 2000 steps (60 model time units) were discarded as a transient, and the displayed 48 samples (n =
2061- 2108 of the full sequence) begin 20 samples before the first upward zero crossing of x after the transient.

The fact that the Euler method needs one, Heun’s method two and the classical RK4 method four right-hand-side
evaluations creates a clear difference in computational cost. However, a simple operation count is incomplete if the
truncation error at a fixed h, the h required to meet the same accuracy target and the model time processed per
computation are not evaluated together. Practical comparisons of Runge-Kutta formulas and embedded solvers
with error estimation show that the relationship between step size and accuracy changes with the method
(Dormand & Prince, 1980; Shampine, 1986). The error control of the MATLAB ODE solvers also clarifies how
hardware results should be compared with an offline reference (Shampine & Reichelt, 1997).

Sambas et al. (2019), who turned this methodological distinction directly into a hardware comparison,
implemented forward Euler and RK4 in the same FPGA design, showed two different attractor views on the
oscilloscope and reported resource usage; with a 50 MHz clock, a new iteration required 10 clock cycles for forward
Euler and 34 for RK4. Tuna et al. (2019) implemented the Lii-Chen flow on an FPGA with Heun’s method and a 32-
bit 1Q-Math fixed-point representation and presented a numerical error analysis. Damaj et al. (2024) compared
different integration orders and floating-point widths for the same Lorenz family in terms of speed, area, power
and precision.

3.2 Finite Precision and Validation Horizon

In chaotic solutions, small differences in initial values and computation can grow; this makes it inappropriate to
match a hardware trajectory point by point with an offline solution for an unlimited time. The question of numerical
orbits raised by Hammel et al. (1987), the study of shadowing by Grebogi et al. (1990) and the work of Sauer et al.
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(1997) on the validity horizon form the mathematical basis of this problem. The state error from the same initial
condition over a short horizon, and the coverage of the attractor and statistical indicators over a longer horizon,
serve different testing purposes. Nepomuceno and Mendes (2017) further show that, for a fixed step and initial
condition, different discretization schemes and roundoff yield distinct pseudo-orbits, and they relate the time at
which these separate to the largest Lyapunov exponent and the bit resolution.

Goldberg’s analysis of floating-point arithmetic explains why bit width cannot be only a technical footnote in a DSP-
FPGA comparison (Goldberg, 1991). Yenigeri et al. (2017) directly examine the dynamical degradation caused by
finite precision in a fully digital FPGA implementation of a time-delay chaotic system. Although the results for this
specific system cannot be transferred quantitatively to all Lorenz implementations, they show that the short-term
appearance of an attractor on a screen is not strong evidence of long-term dynamical behavior. Méndez-Ramirez
etal. (2019) analyze, for five three-dimensional flows implemented with Euler, Heun and RK4 on 8-, 16- and 32-bit
microcontrollers and an FPGA, the maximum step size and the parameter intervals for which chaos is preserved
after discretization.

The validation problem becomes even larger when sensitivity to initial conditions is confused with multistability.
When different attractors are obtained from different initial regions with the same parameters, a digital result that
looks good for a single initial condition does not exclude another attractor. The memristive system with hidden
attractors that Guo et al. (2023) also studied on a DSP and the active memristor model in which Song et al. (2020)
investigated transient chaos together with coexisting attractors are more complex examples of this problem than
the Lorenz attractor. In these studies, the multistability of the model and the finite number representation of the
processor are two separate mechanisms.

The scientific interpretation of an oscilloscope trace depends on the relationship between at least three levels of
data: the state computed in the processor, the number written to the DAC and the physical voltage. The effect that
changes the appearance of the attractor may be integration and rounding at the first level, scaling and saturation
at the second level, or the converter and the measuring instrument at the third level.

4. CHAOTIC FLOW IMPLEMENTATIONS ON EMBEDDED HARDWARE

Here, embedded implementations are classified by hardware type and by the experimental evidence they provide.
Generating a chaotic attractor, observing it as an analog signal and stabilizing it with feedback on the same device
are different results; Table 1 lists the parameters extracted from representative studies, and Figure 3 shows how
completely these parameters are reported.
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Figure 3. Reporting of the implementation parameters extracted in Table 1. Quantitative validation denotes an error
measure against a reference solution rather than a visual comparison of portraits.

4.1 Chaotic Flows and Control on DSPs

In the study by Wang et al. (2015), a fractional-order simplified Lorenz system is examined on a DSP on the basis
of Adomian decomposition. The hyperchaotic Lorenz study by He et al. (2015), published in the same year, also
converts fractional dynamics into a discrete computational form and implements it on a DSP. Both studies
investigate the relationship between the computed dynamics and physical hardware; however, the memory-
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sensitive structure of a fractional system cannot be compared directly with the computational budget of an RK4
loop for a three-state integer-order flow.

Liu et al. (2022) relate the phase behavior of a fractional-order model with a memecapacitor and a meminductor to
DSP portraits. When read together with the simplified Lorenz approach of Wang et al. (2015), the common point is
that the numerical convergence of the fractional derivative is central to the success of the implementation; a
different attractor geometry, however, is not a measure of the cost that the fractional order alone places on the
processor.

Shi et al. (2026) discretize a three-dimensional system with the Euler method (h = 0.001) on a TMS320F28335
and send the DAC output to an oscilloscope; they report qualitative agreement of the portraits with MATLAB and
circuit simulations. Yang et al. (2020), who use the same DSP family, combine RK4, a 12-bit, four-channel DAC7724
on a TMS320F28335 running at 150 MHz and a stabilizing controller; they display the states computed on the DSP
as analog signals and visualize the convergence to an equilibrium under a fixed gain. The main difference between
the two studies is not only the integrator: Shi et al. observe families of attractors by changing a parameter or offset,
whereas Yang et al. test the convergence of the state to zero under a given control law.

The study by Yang et al. builds an especially important bridge for the present paper: in the same publication, it links
a theoretical stability condition to a DSP and oscilloscope experiment. However, the numerical comparison in the
paper is based on K = —2 and K = —16, while the DSP demonstration is based on K = —6; the result does not
consist of the same protocol repeated at different gains or of a stability test for a K[n] that changes randomly
between samples (Yang et al., 2020).

The HIL study by Ozcan et al. (2025), which compares sliding-mode control (SMC) and input-state linearization
(ISL) with a proportional-integral-derivative (PID) controller for the Lorenz system, moves the sampled control
computation to C2000 hardware at the order of 1 kHz. This experiment provides stronger evidence of timed
execution than an offline simulation; however, it does not identify the virtual plant with a physical Lorenz circuit:
the Lorenz model runs on a host computer and exchanges data with the board through a real-time serial link at
Ts = 1 ms, and the controller is switched on at 20 s after an open-loop phase. The fact that one part of the paper
mentions a LAUNCHXL-F28069M while the description of the HIL set-up mentions an F28379D board makes
board-level reproduction and execution-time comparison more difficult.

Not every parameter that changes the chaotic behavior in DSP implementations can be called a “control gain”. Dai
et al. (2019) observe an attractor enriched by a fractal transformation as an analog signal using a TMS320F28335
and a DAC8552; Guo et al. (2023) examine the hidden attractors of a six-dimensional memristive model and
implement it on a DSP with RK4. Song et al. (2020) address the multistability and digital implementation of a system
with an active memristor. The contribution of Yang et al. (2020) lies exactly at this boundary: beyond generating
the attractor, the stabilization target and the control input are clearly defined.

4.2 Microcontroller Implementations

Kose and Miihiircii (2017) transfer the continuous-time Lorenz equations to a PIC18F452 through transformations
in the s- and z-planes and show single-state traces and XY portraits on the oscilloscope; they also measure the cost
of one update of the discrete oscillator, 350 ps on the 10 MIPS processor, against a 4 ms update period. Bulut et al.
(2026) solve the Scaled Zhongtang flow with RK4 (4h = 0.001) on an STM32F429 running at 180 MHz, obtain
analog output from the internal 12-bit DAC and compare the oscilloscope results with MATLAB visually, without a
quantitative error measure. The common contribution of these two papers is that a physical display can be obtained
on low-cost processors; because the mathematical transformation and integration paths differ, they are not a
processor comparison of the same solution.

Rivera-Blas et al. (2019) synchronize a master-slave pair of the Petrzela system with active control on a 32-bit
ARM-based Arduino Due; after the numerical solution of the equations and the control error are computed, they
show the DAC outputs on the oscilloscope. The paper’s explicit discussion of the analog offset and of scaling the
state variables to the voltage range is more valuable than a simple “attractor observed” finding: the 12-bit DACs of
the Arduino Due cover only 0.5-2.7 V, so the states are mapped to the DAC codes with an offset that cannot be
removed in software. The equations are integrated with RK4 at At = 0.01 in [EEE 754 single precision, and the
controller is switched on at t = 4 s, after which the synchronization errors decay within about 0.8-1 s. While the
target in the DSP stabilization of Yang et al. is the zero equilibrium point, the error here is the convergence of the
states of two chaotic systems (Rivera-Blas et al., 2019; Yang et al., 2020).

Hamida El Naser et al. (2025) convert the x state of the Sprott-A flow, obtained with RK4, into a pulse-width
modulation (PWM) duty cycle for a DC-motor-driven robotic end-effector on an STM32F407 and output the states
through the DAC for visual comparison with simulation. The chaotic signal is used as an open-loop speed command
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rather than as a stabilizing feedback, so the study is cited here only as an example of a generated chaotic signal
used as an actuator command. Chaotic speed commands are used in the same open-loop sense by Sarikaya et al.
(2025), who set the speed of a programmable logic controller (PLC)-controlled biogas mixer from Hadley,

Halvorsen, Lorenz and Sprott-A signals and report a higher daily methane yield than with fixed-speed mixing.

Table 1. Data extracted from representative hardware studies. NR: not reported in the assessed text; n/a: not
applicable; FT: full text assessed; ADM: Adomian decomposition method; HIL: hardware-in-the-loop; NG-RC:
next-generation reservoir computing.
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Table 1 itself illustrates the reporting gap discussed in this review (Figure 3). Shi et al. (2026) give h = 0.001 but
neither the processor clock, the update period nor the DAC model; Yang et al. (2020) specify the clock and the
converter but denote the sampling period only symbolically; Bulut et al. (2026) and Rivera-Blas et al. (2019) give
h and the clock but not the update period of the DAC output; and Hamida El Naser et al. (2025) report neither h nor
the update period. A measured execution time is reported only by Kése and Mihiircii (2017), who give a cost of
350 us per update of the discrete Lorenz oscillator on a 10 MIPS PIC18F452 with a 4 ms update period. Otherwise,
iteration latency, throughput or control period comes from FPGA design values (Sambas et al., 2019; Tuna et al,,
2019; Guillén-Fernandez et al,, 2019; Damaj et al., 2024; Kent et al., 2024) or from the 1 kHz sampling rate of the
hardware-in-the-loop set-up of Ozcan et al. (2025), in which the Lorenz model runs on a host computer and
exchanges data with the board over a serial link. Where DSP and microcontroller studies compare hardware output
with simulation, the comparison is visual or qualitative; among the studies in Table 1, only Tuna et al. (2019)
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compare the hardware sequence with a reference solution through an error measure (MSE and RMSE against a
MATLAB Heun model over the first 500 samples). Because the physical update rate is available for too few studies,
a comparison of update rate against integrator order and platform cannot yet be constructed from the published
data.

4.3 FPGA Implementations and Numerical Arithmetic

The real-time FPGA oscillator of Koyuncu et al. (2014), the Heun/IQ-Math implementation of Tuna et al. (2019),
which uses h = 0.01, produces one output every 47 clock cycles at up to 464.688 MHz on a Virtex-6 and checks the
recorded outputs against MATLAB with MSE and RMSE, and the processing of fractional-order oscillators with the
Griinwald-Letnikov approach by Pano-Azucena et al. (2019) show the variety of methods in the FPGA literature.
Rodriguez-Mufioz et al. (2024) present experimental results on observing three-dimensional flows from an FPGA
as analog attractors. The processing pipeline of an FPGA makes it easier to place the arithmetic into regular clock
cycles; however, the register-transfer-level (RTL) clock frequency does not by itself determine the moment at
which each sample settles at the analog output or the delay in a multi-channel output. Representative FPGA studies
are included in Table 1.

The Euler/RK4 comparison of Sambas et al. (2019) and the evaluation of different floating-point widths and
integration orders in terms of area, speed and power by Damaj et al. (2024) limit the claim that “a higher order is
always best”. Guillén-Fernandez et al. (2019) compare three synchronization approaches on an FPGA for different
chaotic oscillators and report that the Pecora-Carroll scheme uses fewer logic elements but needs more cycles per
iteration (36-40 cycles against 17-21 for Hamiltonian forms and OPCL, in 7.21 fixed-point arithmetic on a Cyclone
IV GX). Here, the choice of the control rule is also part of the hardware load. The adaptive synchronization
demonstrated by Rameshbabu and Suresh (2020) on a 32-bit fixed-point FPGA shows that a fixed control
parameter is not the only option; nevertheless, an adaptively computed gain and a gain changed with a
potentiometer are still different system definitions.

When an attractor on an FPGA is not produced with the same model and the same h as an attractor on a DSP, it is
difficult to infer a general platform advantage from processing speed. The switched chaotic system of Azzaz et al.
(2013), Lorenz-based FPGA implementations (Merah et al., 2013) and the non-embedded example of a Jetson AGX
Orin with a custom DAC (Emin & Yaz, 2024) show the range of implementation architectures; however, when the
application goal is image security, oscillator generation or analog observation, the meaning of the reported speed
measures also changes. The concept of a deadline, which is the basic limit of real-time operation, covers not only
the processing capacity of the core but also the interrupt and peripheral load (Liu & Layland, 1973).

The comparison between FPGAs and DSPs takes on another dimension when control is added. The parallel
structure of an FPGA may be suitable for computing several state derivatives or synchronization controllers at the
same time (Guillén-Fernandez et al., 2019; Damaj et al., 2024). On a DSP, in contrast, reading the input from the
analog-to-digital converter (ADC) into the control computation at a certain sample boundary and writing the result
to the DAC are defined by the execution order of the program (Yang et al., 2020). A number that directly compares
the internal clock of an FPGA with the interrupt period of a DSP hides these dependencies and the moment at which
the analog output is ready; unless end-to-end latency is measured on the same model, the result remains only an
architecture-specific potential.

5. ANALOG OBSERVATION AND CONTROL ARCHITECTURES

The oscilloscope trace of a state computed on a DSP is formed by the conversion between the numerical solution
and the analog interface. When an external gain input is added to the control loop, it must also be specified when
the variable is read, at which sample it is applied and whether the control acts on a real physical plant or on the
model inside the processor. Figure 4 shows these distinctions together with the physical measurement path.
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Figure 4. Model solution in a virtual plant, online gain input, DAC and oscilloscope observation. It is not a circuit
diagram of a specific hardware board.

5.1 Oscilloscope Observation Through a DAC

The value x[n] stored in the memory of a DSP or microcontroller unit (MCU) is not a voltage. The code applied to
the DAC input is mapped to a limited analog range through a chosen offset and scale; for example, V,[n] =V, +
gxx|n] represents only this conversion. The external DACs of Kose and Miihiircii (2017), the internal STM32 DAC
of Bulut et al. (2026), the DAC module used with the DSP by Shi et al. (2026) and the DAC7724 of Yang et al. (2020)
are different concrete examples of this path. Manufacturer data describe the two-channel voltage output of the
DAC8552 and the internal DAC capability of the TMS320F28379D; the DAC8552, for example, is specified as a 16-
bit dual-channel converter with a settling time of 10 ps to £0.003% of full scale (Texas Instruments, 2006, 2024);
these are not deadline or chaotic accuracy data measured in the reviewed experiments.

For XY plotting on an oscilloscope, the values x[n] and y[n] on the two channels must correspond to the same
sample index. The skew created by consecutive DAC writes, the zero-order hold, analog settling, the oscilloscope
bandwidth limit and the persistence setting can affect the appearance of the geometry. The separate discussion of
the offset by Rivera-Blas et al. (2019) while monitoring the control error shows concretely that the analog output
scale is a research variable that must be resolved before observation. Figure 5 shows this conversion chain and the
update timing of the two channels.

(a) Conversion chain from state to voltage

x[n] N Scale, offset, quantize €x [’ﬂ N-bit DAC o ZOH + ""(Q Scope -
float/fixed > co[n] = round (Vo + gex[n])/A) [~ 7| register write | settling >l cHl !
1
lOXY
1 mode
I
vl -~ Scale, offset, quantize o1 N-bit DAC | zoms+ w0 Scope |
float/fixed > cy[n] = round ((Vy + gy ¥[n])/A) 7| register write - settling - CH2 T
—_—
stored value (not a voltage) analog interface
(b) Update timing of the two channels within one sampling period
L, T
H I |
: | |
: |
p_\(l) f :\ 1 / \
| |
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T
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nT, (1T, (n+2)T, (13T, !

Figure 5. Oscilloscope observation through a DAC: (a) conversion chain from the state variable to the voltage; (b)
sample-to-output latency L,., inter-channel skew A7 and settling time tg.; in consecutive DAC writes. The timing is
schematic.

For this reason, the criterion “it looks like the MATLAB results” does not have the same strength in different
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experiments. The comparison of oscilloscope data with a numerical portrait by Bulut et al. (2026), the qualitative
agreement with MATLAB and circuit simulations reported by Shi et al. (2026) and the real outputs recorded during
stabilization by Yang et al. (2020) extend one another: the first two make analog reproduction visible, and the third
makes the transition after control visible. The separate comparison of error and delay in the synchronization
experiment of Guillén-Fernandez et al. (2019) goes beyond phase geometry.

5.2 Control Objectives and Hardware Evidence

Ott-Grebogi-Yorke (OGY) control aims to lock onto a selected unstable periodic orbit in the attractor through small
parameter perturbations (Ott et al., 1990). Pyragas’s delayed feedback is based on the difference between the
current state and a delayed state (Pyragas, 1992). In the drive-response approach of Pecora and Carroll (1990),
the synchronization error is what matters. Theoretical and experimental reviews of chaos control emphasize that
these objectives are different from each other (Boccaletti et al,, 2000; Fradkov & Evans, 2005); synchronization
studies in electronic circuits have shown that the objective can be observed in physical hardware (Carroll & Pecora,
1991; Cuomo & Oppenheim, 1993; Kocarev & Parlitz, 1995). A “control gain” is not just a symbol: which state it is
applied to, whether it includes a delay and whether the target is an equilibrium, a periodic orbit or synchronization
all change the meaning of the gain.

The experiment of Ditto et al. (1990), in which unstable periodic orbits were selected through small parameter
perturbations, shows that the OGY principle can be transferred to a physical set-up. The test of delayed feedback
on a boost DC-DC converter by Natsheh et al. (2009) belongs to a separate class of applications, in which the
controlled object is not a mathematical flow created inside a processor but a power electronic circuit with its own
switching behavior.

Yesil et al. (2025) build a memristive jerk oscillator as a physical analog circuit, design nonlinear feedback, classical
sliding mode and integral sliding mode controllers, and report microcontroller-based control of the circuit with
outputs kept within +6 V. Only the abstract and the bibliographic record of this study were assessed (Abs in Table
2); the absence of timing, converter and channel-recording details in the abstract is therefore not taken as evidence
that they were not reported in the full article. On the information assessed, the study is the closest microcontroller
example of closing the loop around a physical chaotic oscillator, and its full experimental protocol would be needed
for a one-to-one comparison with a DSP loop.

Lian et al. (2002) test adaptive chaos synchronization through a scalar drive signal in DSP-based experiments. This
study is important as one of the early examples showing that gains can be adjusted online in a digital controller;
however, a gain produced from the states by an adaptation law does not have the same dynamics as a fixed
coefficient changed manually by an operator with an external potentiometer. Yang et al. (2020) demonstrate DSP
stabilization under a specific fixed K, and Rivera-Blas et al. (2019) demonstrate microcontroller synchronization
under fixed design conditions. Together, these studies invalidate the view that “chaos cannot be controlled on
digital hardware”; however, they do not provide a universal stability result for a K(t) that is changed continuously
and irregularly by a user.

Two numerical studies by the authors’ group, sliding mode suppression of the Newton-Leipnik system (Demirsoy
& Hamida El Naser, 2026) and grey-wolf-optimized pole placement for the Moore-Spiegel oscillator (Sarikaya et
al,, 2026), illustrate robustness and gain-selection questions but report no DSP timing, DAC voltage or online gain
change; they are therefore not used as hardware evidence in this review.

5.3 Varying Gain With Virtual and Physical Plants

If a DSP computes both the flow x[n] and the control u[n] internally, the object under study is a digital virtual plant;
the DAC only carries the computed result outside. If measurements are taken with an ADC from a physical Chua
circuit or another analog oscillator and the control force is applied back through a DAC, the second set-up is a real
physical plant. Both set-ups are meaningful, but in a physical plant, sensor noise, the output stage, and
measurement and actuation delays enter the closed loop directly.

Studies that close the loop around a physical analog chaotic circuit remain few, and in the searched literature they
are mostly FPGA-based. Yau et al. (2011) implemented a digital PID controller on an FPGA, with gains optimized
offline by evolutionary programming, to synchronize Sprott circuits built from operational amplifiers, resistors and
capacitors. Kent et al. (2024) measured the voltages of a physical double-scroll circuit with 12-bit ADCs on a Max
10 FPGA and applied a next-generation reservoir computing controller with a 5 us update period, both to stabilize
the unstable steady state and to track a random trajectory. Babajans et al. (2025) synchronized a discrete-
component Vilnius oscillator with an FPGA counterpart integrated by the Euler-Cromer method in fixed-point
arithmetic, in both the analog-discrete and the discrete-analog directions, and Karimov et al. (2026) synchronized
a physical Chua circuit with its digital counterpart on a MyRI0-1900 FPGA. Among microcontroller studies, the
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sliding mode control of a memristive jerk circuit by Yesil et al. (2025) is the closest example, whereas Tagne et al.
(2022) replace the analog jerk circuit itself by a PIC16F877A implementation with 8-bit R-2R DAC outputs and
study the synchronization of the digital oscillators. None of these studies reports a gain changed by an operator
during operation.

Nesi¢ and Teel (2004) study the stability of nonlinear sampled-data systems based on approximate discrete-time
models; the input delay approaches of Fridman and co-workers show how sampling and the moment of actuation
can affect stability (Fridman et al., 2004; Fridman, 2010). A property proven under a fixed K is transferred to a
nonlinear, time-varying discrete system when K[n] changes between samples. In addition, whether the integrator
uses the same u[n] in all RK4 intermediate stages or reads the gain again at each stage defines two different discrete
maps.

The stability of time-varying gains is not, however, an open question in general. If the operator selects among a
finite set of gains, the closed loop is a switched system: stability under arbitrary switching requires a common
Lyapunov function, whereas stability under constrained switching can be guaranteed by dwell-time or average
dwell-time conditions that bound how often the gain may change (Hespanha & Morse, 1999; Liberzon & Morse,
1999; Liberzon, 2003). If the gain varies continuously but slowly, results for slowly varying systems guarantee
stability when every frozen-gain closed loop is stable and the rate of variation is sufficiently small (Desoer, 1969;
Khalil, 2002). If the gain is scheduled on a measured variable, the gain-scheduling and linear parameter-varying
literature provides analysis and design tools, again with conditions on the rate of the scheduling variable (Rugh &
Shamma, 2000). For a potentiometer-driven gain, these results translate into testable requirements: a bounded set
of admissible gains, a minimum dwell time or a maximum rate of change imposed by filtering or rate limiting, and
a frozen-gain stability margin over the whole set. What is less documented is not this theory but its experimental
use with chaotic flows on embedded hardware, where ADC quantization, filter delay and the sample at which a new
gain takes effect determine whether the theoretical assumptions are met.

The scientific content of the potentiometer use case introduced in Section 1 depends more on the role of the gain
profile in the experiment than on the existence of the knob. When consecutive ADC readings fluctuate because of
quantization and noise, the applied K[n] may change even if the knob is not turned. Filtering reduces this effect but
adds phase delay; stronger filtering and a faster control response cannot be guaranteed at the same time. The
proposal to record the applied K[n] and the potentiometer position separately in a new experiment is an inference
of this review aimed at making published fixed-gain and adaptive-gain studies directly comparable. Figure 6 shows
these distinctions schematically on a common time axis.

(a) Operator command, applied gain and error on a common time axis (b) Gain within one RK4 step
2 07} Map A: held per sample
E
£ potentiometer position p(r) ki p{ ke p| ki p ki
O 03
turn i | K[n] K(n] K[n] K[n]

Map B: re-read per stage
0.7 [~ applied (filtered) K [n]

=
R = ki Pl ke P ki P Ky
0 3 e S = | I — ) e Ao K
W .\LJ}(, reading Ky [n K K K, Ky
different discrete map
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Y
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Figure 6. Gain change during operation: (a) potentiometer command p(t), ADC reading K., [n], filtered and applied

K{[n], and control error e[n]; (b) holding the gain per sample within an RK4 step (Map A) or re-reading it at each
intermediate stage (Map B). The curves are illustrative and do not contain measured experimental data.
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Table 2. Correspondence between control objectives, the controlled object and the interpretation of a varying
gain across studies. Abs: assessed from the abstract only.

Source

Control objective and gain

Strength

Remaining distinction

Ott et al. (1990);

Unstable orbit; parameter or

Theoretical basis of the

Not a DSP/DAC execution

Pyragas (1992) delay control objective measurement.
Lian et al. (2002) Adaptive synchronization on Gain computed online Not a free K[n] command
a DSP from the user.

Yang et al. (2020)

Suppression to an
equilibrium on a DSP, fixed
K=-6

Theory and analog
stabilization

Stability during a K transition
is not examined.

Rivera-Blas et al.

Active master-slave

Control error and DAC

Differs from a loop with a

(2019) synchronization on an MCU output physical plant.
Rameshbabu and Adaptive synchronization on Fixed-point control The gain source is an
Suresh (2020) an FPGA implementation adaptation law.

Yau et al. (2011),
Abs

FPGA PID synchronization of
op-amp Sprott circuits; gains
optimized offline by
evolutionary programming

Physical analog circuits in
the loop

Fixed gains; the abstract gives
no timing or converter details.

Kent et al. (2024)

NG-RC control of a physical
double-scroll circuit on an
FPGA

Physical plant measured
through ADCs; 5 pus update
period

Controller trained offline; no
operator gain change.

Babajans et al.
(2025)

Pecora-Carroll
synchronization between a
Vilnius oscillator on a PCB

and an FPGA counterpart

Analog-discrete coupling in
both directions

Synchronization, not
stabilization; no gain change.

Karimov et al.
(2026), Abs

Time-reversible
synchronization of a physical
Chua circuit with an FPGA
(MyRIO-1900) counterpart

Physical circuit; NRMSE
threshold of 0.01

Sensing application; no gain
change.

Yesil et al. (2025),
Abs

Nonlinear, sliding mode and
integral sliding mode control
of a memristive jerk circuit
by a microcontroller

Physical analog circuit

The abstract gives no timing
or converter details.

6. EVIDENCE FRAMEWORK AND METHODOLOGICAL LIMITATIONS

Evaluating the hardware image of a continuous-time chaotic flow requires attention to several different limits at
the same time, from integration accuracy to the observation of the analog output. In the reviewed studies, each of
these limits is documented to a different extent; the following subsections are therefore organized around the
interpretability of the published results. Figure 7 summarizes these levels of evidence and the points at which each
of them is measured. The caveats raised in the preceding sections are stated here once, as a framework, and are
referred to rather than repeated elsewhere. Level 1 concerns numerical fidelity and is bounded by the validity
horizon (Section 3.2); Level 2 concerns execution and analog output, and a visible attractor neither guarantees that
deadlines are met nor bounds the skew between channels (Sections 5.1 and 6.1); Level 3 concerns the control
transition, and a result obtained at a fixed gain does not establish the behavior under a time-varying K[n] (Section
5.3). Table 3 maps representative studies onto these levels.
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Level 1: Numerical dynamics (P1, state log)
short horizon: ||x[n] — Xer(nh)||
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Figure 7. Separate levels of evidence for numerical dynamics (Level 1), real-time execution and analog output (Level 2)
and control transition (Level 3), with measurement points P1-P3. The symbol # indicates that evidence at the given
level does not by itself establish the stated result. The scheme does not contain measured experimental data.

Table 3. Mapping of representative studies onto the evidence levels of Figure 7. ® : quantitative evidence
reported (measured or derived from the design); ©: qualitative or visual evidence, or control under a fixed gain
only; —: not reported in the assessed text; n/a: not applicable to the objective of the study. No study reports a
logged gain sequence during an operator-driven gain change; the closest documented transitions are step
activations of fixed-gain controllers.

Study Leve‘:all:i:;lil:;ncal Level 2: timing Li‘l’)esg‘;zgzlzg Level 3: control
Shi et al. (2026) L)) - L)) n/a
Kose and Miihiirci e (350 ps per
(2017) © update, measured) © n/a
Bulut et al. (2026) L)) - L)) n/a
Hamida EI Naser et al.
(2025) (D) - L)) n/a
Yang et al. (2020) L) - L)) © (fixed K)
O (fixed gains;
Rivera-Blas et al. (2019) [ ) - © switchedonatt =
45s)
© (fixed gains;
Ozcan et al. (2025) - © (1 kHz rate) n/a (serial link) switched on at 20
s)
e (cycles per
Sambas et al. (2019) [ )) iteration) [ ) n/a
e (MSE, RMSE vs. ® (47 cycles per _
Tuna etal. (2019) MATLAB) output) n/a
. L (Fmax' _
Damaj et al. (2024) [ )) throughput) n/a
Guillén-Fernandez et al. ° e (cycles, iteration o © (fixed-gain
(2019) latency) synchronization)
e (5 ps period, e (ADC-measured © (trained
Kent etal. (2024) n/a latency) circuit) controller)

6.1 Execution Time and Real-Time Operation

The clock speed of a DSP or FPGA does not by itself show that the state update is completed before the physical
sampling instant. ADC reading, filtering, control computation, integration, DAC transfer and interrupt overhead
should be measured together. The peak execution time, the number of deadline violations and the latency from
sample to analog output should be reported separately from the average loop time. Figure 8 defines these
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quantities on a single time axis.
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Figure 8. Execution time C,,, sample-to-output latency L,,, slack and a deadline violation in sampling cycles triggered by
a timer interrupt. The general-purpose input/output (GPIO) trace is an example of measuring execution time with an
oscilloscope. The durations are schematic.

7. COMPARATIVE EVALUATION AND DISCUSSION

The apparent tension in the literature that is easiest to misinterpret is the choice between Euler and RK4. Shi et al.
(2026) have shown the feasibility of Euler on a DSP and its analog portrait; Bulut et al. (2026) have shown that RK4
can be implemented on an MCU and compared with an oscilloscope. Sambas et al. (2019), who evaluate the two
methods on the same model, and Damaj et al. (2024), who examine a wider FPGA resource-precision space, give
concrete context to the trade-off between high order and high computational load. The results of Shi and Bulut are
not opposed to each other; since the model, step size, arithmetic and validation measure are not fixed, they do not
establish the superiority of either method. A contradiction appears only when answers to different research
questions are reduced to a single “fastest and most accurate” ranking.

The second tension lies between “showing control in hardware” and “control being robust to a varying gain”. The
fixed-gain stabilization of Yang et al. (2020) and the synchronization of Rivera-Blas et al. (2019) prove that digital
control and DAC observation can be carried out together. Therefore, the research contribution does not come
simply from adding an adjustable knob, but from the relationship, established experimentally and if possible
through the dwell-time, rate-of-variation or frozen-gain conditions reviewed in Section 5.3, between the K[n]
sequence produced by this knob and the control objective.

The limitations of the review are also part of its findings. Most of the selected studies use different attractors,
different number representations and different types of validation; this heterogeneity does not produce an effect
size that could be combined under a single number. Although the supplementary search is documented, it covered
one open-access database, screening was not duplicated and several studies were assessed from abstracts only; it
is therefore not claimed that all DSP experiments in the field are covered.

8. FUTURE RESEARCH DIRECTIONS

In future studies, the unit of comparison could be formed jointly by the model parameters, h, Ts, the numerical type
and the DAC channel, instead of a single processor frequency. If the numerical state, the applied DAC code and the
analog record are collected simultaneously under predefined gain steps, it becomes easier to test whether a regime
change is related to the control, the integration or the measurement chain.

A priority comparison could involve generating a single integer-order chaotic flow with the same parameters on a
DSP and on a similar hardware class with Euler, Heun and RK4, and reporting h, T, the arithmetic format and the
voltage scale together. Such a protocol would better separate the comparisons in the literature in which the method
and the platform change at the same time (Sambas et al., 2019; Damaj et al., 2024; Bulut et al., 2026; Shi et al., 2026).

Concrete measures can be suggested for the two horizons. For the short horizon, the state error between the
hardware sequence, logged at P1 in Figure 7 or reconstructed from the DAC codes, and a high-accuracy offline
reference started from the same initial condition can be reported as a normalized root-mean-square error, together
with the time at which the error first exceeds a stated threshold, for example 10% of the attractor diameter;
expressing this time in Lyapunov times, A,,,4t, makes results comparable across models (Sauer et al.,, 1997;
Nepomuceno & Mendes, 2017). For the long horizon, where point-wise agreement is no longer expected, invariant
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properties are appropriate: the largest Lyapunov exponent estimated from the recorded series (Wolf et al., 1985;
Rosenstein et al., 1993), the 0-1 test for chaos (Gottwald & Melbourne, 2004), and the amplitude histogram or
power spectrum of each state compared with those of the reference. The recording duration should be chosen so
that the short-horizon window covers the expected divergence time, while the long-horizon record contains
enough orbits for the invariant estimates to converge; a practical check is to report the estimates for two record
lengths and show that they agree within a stated tolerance. The sampling rate of the recording should, in addition,
resolve the fastest component of the DAC output without aliasing.

On the control side, the initial and target errors should first be defined with a fixed K, and then predefined gain
steps and bounded ramp profiles should be applied. If a finding obtained with a virtual plant is to be transferred to
a physical chaotic circuit, it should be tested again with the same error measure, including sensor noise and the
DAC actuation delay (Lian et al., 2002; Rivera-Blas et al., 2019; Yang et al., 2020).

In application research, the chaotic source should first be matched with the goal: speed fluctuation fora PWM motor
command (Hamida El Naser et al., 2025), dissolution and conductivity for a chaotic stirrer (Demirsoy et al., 2025),
methane yield and combustion duration for chaotic speed-controlled mixing in a biogas digester (Sarikaya et al.,
2025), and the conducted electromagnetic interference (EMI) spectrum for chaotic modulation in a power
converter (Wang et al., 2016), where chaos is exploited rather than suppressed as in the delayed-feedback control
of a boost converter (Natsheh et al., 2009). For these outputs, the attractor geometry may be a necessary
computational check, but it is not application performance on its own.

9. CONCLUSION

This review examined how continuous-time chaotic flows are implemented on DSPs, microcontrollers and FPGAs,
observed through DACs and controlled in hardware, and it leads to three findings. First, the evaluation criteria
brought together by the review are separable: numerical fidelity (short-horizon error and long-horizon invariants),
real-time execution (peak execution time, deadline misses and sample-to-output latency), analog observation
(scaling, quantization and inter-channel skew) and control behavior (error under a fixed gain and during a gain
transition). An attractor on the oscilloscope is evidence of physical generation but addresses only part of the second
level (Figure 7, Table 3).

Second, the published implementations rarely report the parameters needed to compare them. In the extracted
studies, the integration step, the physical update period and the number format are seldom given together,
validation against an offline reference is mostly visual, and timing information, where available, mostly consists of
design values such as iteration latency, throughput or control period rather than measured worst-case execution
times (Table 1, Figure 3). Apparent contradictions, such as Euler versus RK4 or FPGA versus DSP speed, therefore
reflect different models, steps and validation criteria rather than conflicting results (Sambas et al., 2019; Damaj et
al,, 2024; Bulut et al,, 2026; Shi et al,, 2026).

Third, the research need that follows is experimental rather than theoretical. Fixed-gain stabilization, adaptive
synchronization and closed-loop control of physical chaotic circuits have been demonstrated (Lian et al., 2002;
Rivera-Blas et al., 2019; Yang et al., 2020; Kent et al.,, 2024), and switched-system, slowly varying and gain-
scheduling theory provides conditions for gains that change in time (Hespanha & Morse, 1999; Rugh & Shamma,
2000; Liberzon, 2003). What is missing is an experiment that logs, on one clock axis, the processor state, the DAC
code, the measured voltage, the applied gain and the control error while an operator changes the gain, and that
checks the measured gain profile against these conditions. Reporting h, T, the number format, the converter path
and quantitative validation measures in future studies would allow the pieces reviewed here to be compared
directly.
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