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Abstract

During the production process, defective production rates as well as inspection processes
become essential, as customers have become increasingly attentive to the quality of the
products they receive. This paper aims to analyze a queueing-inventory system in which
both the production and inspection processes are imperfect. The novelty of this study
lies in the combination of these two imperfections in a single inventory-queueing system.
The inspection process involves two kinds of misclassification errors: Type-I occurs when
a non-defective item is identified as defective, while Type-II occurs when a defective item
is incorrectly labeled as non-defective. Two storage facilities of limited capacity are con-
sidered, one allocated for all produced items and the other reserved for items deemed
non-defective after inspection, and a production process controlled by an (s, S)-policy.
The proposed model is formulated as a continuous-time Markov chain and analyzed by
the Matrix Geometric Method. The stability condition is derived, and several key perfor-
mance measures are obtained. The cost function is then constructed and minimized with
respect to production, inspection, and service rates using the Particle Swarm Optimization
algorithm. The numerical study shows that the probability of defective production has
a considerable impact on all performance measures and that the capacity of the second
depot affects both the mean number of customers in the system and the total cost. The
results indicate that production, inspection, and service rates must be adjusted jointly ac-
cording to the probability of defect and the capacity of the depot to achieve the minimum
cost.
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1. Introduction

Increasing global competition, fluctuating customer demand, and the increasing com-
plexity of supply chains are forcing businesses to develop more effective inventory man-
agement strategies. Queueing inventory systems integrate inventory systems in which
customer demand is met by products in stock and orders are placed according to a pre-
determined inventory policy, with queueing systems where customer arrivals are random,
and service is completed when products are available from stock. Queueing inventory
systems integrate the inventory replenishment process and customer demand fulfillment,
providing a holistic assessment of the relationship between inventory levels and waiting
times. This allows for the simultaneous optimization of both inventory policies and service
performance. In recent years, the use of queueing inventory models has gained attention,
especially in production inventory systems, to satisfy customer satisfaction. In production
processes, defective items may emerge due to factors such as equipment deterioration, vari-
ability in process conditions, or the use of suboptimal component quality. The distribution
of such nonconforming items to customers not only undermines customer satisfaction, but
also poses significant risks to organizational reputation and long-term competitiveness.
Hence, the incorporation of an inspection mechanism becomes indispensable to prevent
the transport of defective items to customers. On the other hand, when inspection ac-
tivities rely on human judgment or manual procedures, inspection errors may occur. In
the literature, this phenomenon is referred to as an imperfect inspection process, which
is typically modeled through two forms of misclassification: Type-I error is classifying a
non-defective item as defective, whereas Type-II error is classifying a defective item as
non-defective.

Many papers in the literature have focused on the Economic Order Quantity (EOQ)
model and the Economic Production Quantity (EPQ) model that include imperfect quality
items. One of the important papers that extends a traditional production/inventory model
to a model that includes ordered or produced items with imperfect quality is [39]. The
authors assumed that poor-quality items are sold as a single batch at a discounted price
at the end of the 100% inspection process and also there are no human errors in the
inspection process. Konstantaras et al. [22] extends the paper [39] in two directions, in
that it assumes that acceptable items are sent to the inventory in batches, not unit-by-unit,
and it allows for reworking of the imperfect quality items. According to their approach,
there are two ways to deal with imperfect quality items: sell them to a secondary market
as a single batch at a lower price, or rework them at some cost and then use them as
new ones. Another extension of the EOQ model defined in [39] is provided by Khan et
al. [21]. Unlike [39], the authors assume an imperfect inspection process, which means
that the inspector can misclassify items in the inspection process, and the probabilities of
misclassification errors are assumed to be known. Khan et al. [21] assumes two types of
misclassification errors; a non-defective item may be classified as defective (Type-I error)
or a defective item may be classified as non-defective (Type-II error).

The EOQ models that include imperfect items have been an interesting research area.
There is a vast literature in which EOQ/EPQ models with a 100% inspection process
and with a classification error (Type-I and Type-II) in the inspection process. Asadkhani
et al. [5] assumed an EOQ model with four different types of imperfect items, such as
salvage items, repairable items, scrap items, and rejected items. Asadkhani et al. [5]
performed an inspection process 100% in which the inspector can misclassify items as
described in [21]. Unlike other papers, Khan et al. [21] paid attention to the ability of the
inspector to reduce inspection errors through learning. Chan et al. [9] provided an EPQ
model that integrates the following three situations: lower pricing, rework, and rejection.
A 100% inspection process was performed to identify the number of good quality items,
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poor quality items, and defective items. The reader may refer to [4,15-18,24,28,29,36,40)]
for detailed information on inspection procedures and related papers in the literature.

Some studies have been conducted in which sampling is performed instead of 100%
inspection. Moussawi-Haidar et al. [30] proposed an EOQ-type inventory model where
only a sample is inspected instead of all items in the inspection process. If the number of
imperfect items is below an "acceptance number", the sample corresponds to the standards
and no further inspection is needed. Otherwise, the lot is subject to 100% inspection. The
authors numerically proved that the optimal profit obtained by their proposed model is
significantly higher than that provided by Salameh and Jaber [39]. Another paper used
sampling in the inspection process is [10]. They assumed that a sampling process is
performed as soon as the order is received. If the lot holds the requirements of the quality
inspection, all items in the lot are considered of perfect quality. Otherwise, either the lot
is returned to the supplier, or it is kept in inventory and is taken back during the next
order from the supplier.

The papers mentioned so far assume an inspection process that has been utilized by
humans. Some papers in the literature have been discussing an inspection process through
an automation policy. Dey et al. [11] proposed an automation policy to detect imperfect
items. The policy they proposed makes the production process smarter and results in
an error-free inspection. The purpose of an automation policy in a smart production
system is to inspect the inventory during the production run. The articles [12,41] used
the automated inspection policy suggested by Dey et al. [11].

Among studies on production-inventory models with imperfect quality in a supply chain,
Kurdhi et al. [23] examined a vendor-buyer production-inventory model. They assumed
100% inspection process with Type-I and Type-II inspection errors. All defective items
are returned to the vendor by the buyer. The articles [35,38] developed a three-tier supply
chain model with the supplier, manufacturer, and retailer, where the production system
is imperfect. After the inspection process, the imperfect items are reworked by the manu-
facturer and the perfect items are sent to the retailer. The retailer also inspects the items
in the inspection process. Saha and Chakrabarti [38] assumed the manufacturer has two
production units. The manufacturer inspects all the products produced in the imperfect
inspection process and sells the perfect ones to the retailer. The retailer inspects the
received items due to the manufacturer’s erroneous inspection process and returns the im-
perfect items to the manufacturer after inspection. The manufacturer sends the defective
items returned from the retailer and the main production unit to the refurbishment unit for
reworking. Recent contributions have further extended this line of research. Yadav et al.
[48] examined the effect of in-process inspection on a highly imperfect production system,
where an investment in in-process inspection reduces the rate at which defective items
are formed, and showed that this policy can lower the total cost by up to 9.3% compared
with a system without in-process inspection. Namnabat et al. [31] developed extended
EOQ and EPQ models for repairable imperfect quality items, incorporating partial re-
pair success, inspection errors, and finite and infinite withdrawal rates, with preventive
maintenance integrated into the EPQ model.

The first studies on queueing-inventory systems were conducted by the papers in [27,43].
Subsequently, the literature has diversified according to different assumptions of arrival
and service process, whether there is interruption of service due to service breakdown or
vacation [19,44], multiple customer classes [26,33,34], and whether the inventory is filled
by an internal production or an external supplier [6,7,37]. An M/M/1/0co queue with
an attached inventory system is examined by Saffari et al. [37], with an infinite capacity
waiting room and also with an infinite inventory. The arrivals when the inventory level
is zero are rejected, that is, it is assumed that customers are lost. On the other hand,
when the inventory reaches zero, customers in the queue are required to wait for the next
replenishment. The (r,Q)-policy is used. Baek and Moon [6] studied a model similar to
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[37] except the replenishment policy. While Saffari et al. [37] replenished the inventory
only by ordering, and Baek and Moon [6] considered an internal production unit. By
comparing the results of the proposed model with those of [37], it was shown that the
model with an internal production is more effective. The production-inventory model
integrated into an M /M /c/oo queue where the queue capacity is infinite and the inventory
capacity is S units was studied by Baek and Moon [7]. Inventory is replenished with
the internal production, which is governed by the (s,S)-policy. That is, the production
facility is turned off as soon as the inventory level reaches S and is turned on when the
inventory level drops to s. The authors utilized the traditional M /M /1/K queue and the
regenerative process in their analysis. The papers [6,7] and [37] are the first studies to
demonstrate the independence between the queue length process and the inventory level
process for the proposed models. Then, these two processes were analyzed separately.
More recently, Vinitha et al. [45] analyzed an integrated branching queueing-inventory
system with diverted service, in which each branch operates under its own (s, Q)) ordering
policy, and derived the stability condition and the rate matrix applying the geometric
method of the Neuts matrix.

Although numerous studies have examined issues related to defective items in various
settings within classical inventory and supply chain frameworks, we have observed that
such problems have received relatively little attention in the queueing-inventory literature.
Recently, Aghsami et al. [2] introduced a new model that integrates an M /M /1 queueing
system with an imperfect production-inventory process and an inspection queue featuring
inspection errors. They employed a nonlinear programming approach to optimize system
costs. The assumptions of this model are largely consistent with those in [6,37], except for
the incorporation of imperfect production and inspection processes with inspector errors.
Aghsami et al. [2] provides an analysis using a methodology similar to that adopted in
[6,7,37]. The authors first demonstrated that, in the long run, the inspection queue op-
erates independently of the queueing-inventory system; subsequently, they analyzed the
queueing-inventory system separately from the inspection queue. In [3], the authors in-
vestigated a retailer supplier queueing-inventory framework with imperfect items under a
sampling inspection plan. Aghsami et al. [1] developed a two-echelon blood bank network
employing a 100% inspection policy. Mehta et al. [25] examined a queueing-inventory
model with balking and retrial orbits, in which jobs join a retrial orbit if the server is
busy. Both the production process and the 100% inspection process are imperfect, and
the inspection stage may lead to Type-I or Type-II misclassification errors. This model
closely resembles the model given by Aghsami et al. [2], apart from the inclusion of balk-
ing and retrial behaviors, and relies on the same analytical methodology. Consequently,
the integrated queueing-inventory model discussed by Mehta et al. [25] comprises three
distinct and independent subsystems, each modeled as an M/M/1/oo queue.

Based on the existing literature, only a limited number of studies have examined
queueing-inventory models in which both the production and inspection processes are
imperfect. This paper is inspired by the queueing-inventory framework analyzed by Agh-
sami et al. [2]. The authors assumed that the storage areas for items both post-production
and post-inspection are assumed to have infinite capacity. In contrast, our model intro-
duces two finite-capacity depots. The produced items are stored in Depot-1 with capacity
S, while the items that successfully pass the inspection process are stored in Depot-2 with
capacity K. Moreover, Aghsami et al. [2] assumed that items are produced according to
a Poisson process, implying continuous production without any governing control policy.
However, the assumption of continuous production and also continuous inspection during
production might be impractical, especially when the production rate is high and the pro-
portion of defective items is low. Therefore, we considered that production is governed by
a (s,S)-policy. Specifically, when the inventory level in Depot-1 falls to s, the production
process is switched on and continues until the inventory level reaches S. Once the level
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attains S, the production process is turned off. In this paper, the proposed queueing-
inventory system is represented by a Quasi Birth-and-Death (QBD) structure, and the
system is analyzed by using the Matrix Geometric Method (MGM).

To the best of our knowledge, our work introduces the first queueing-inventory model
to simultaneously address imperfect production and imperfect inspection, distinguishing
itself by explicitly grounding the analysis in a fundamental production-inventory concept:
the optimal production-inventory policy. Building on the research gaps identified above,
this study is particularly motivated by and closely related to [2] who developed an M /M /1
queueing-inventory model incorporating an imperfect production process and an imper-
fect inspection queue. However, our work differs from [2] in several key aspects. First,
while Aghsami et al. [2] assumed unlimited storage capacity for both the pre-inspection
and post-inspection items, we consider two finite-capacity depots, which better reflects
the physical storage constraints encountered in real production environments. Second,
Aghsami et al. [2] modeled production as a continuous Poisson process without any gov-
erning control policy, whereas our model regulates production through an (s,S) policy,
integrating the inspection process directly into this control mechanism. Third, while Agh-
sami et al. [2] showed that the inspection queue and the queueing-inventory system are
independent in the long run and analyzed them separately, our findings indicate that,
under the (s,S) policy considered in this study, the two subsystems are no longer inde-
pendent and must be treated as a combined system; we address the resulting complexity
by formulating the model as a Quasi Birth-and-Death (QBD) process and solving it via
the well-established Matrix Geometric Method (MGM). Finally, whereas Aghsami et al.
[2] optimized only the production rate through a single-variable nonlinear programming
model, our study jointly optimizes the production rate, inspection rate, and service rate
using Particle Swarm Optimization (PSO), given the increased complexity of the cost
function under the finite-capacity, policy-driven setting. While PSO has been employed
to optimize complex cost functions in various QBD-based queueing systems, such as retrial
queues with working vacations [49] and queueing-inventory systems with retrial demands
[8], its use has typically been restricted to single- or limited-parameter settings. Due to
the analytical intractability of the resulting cost function in our model — arising from
the joint dependence on three decision variables and the underlying QBD structure —
this study extends this line of work by employing PSO to obtain the optimal production,
inspection, and service rates simultaneously, going beyond the single-variable analytical
optimization approach adopted in [2]. To sum up, the key distinguishing features of this
study can be summarized as follows:

e Finite-capacity storage: Our study incorporates two finite-capacity depots,
offering a more realistic representation of physical storage constraints.

e Policy-driven production: While Aghsami et al. [2] modeled production as an
uncontrolled continuous Poisson process, our study governs production through
an (s,S) policy, with the inspection process embedded directly into this control
mechanism.

e Joint system analysis: Previous studies, such as [2], showed the independence
of the inspection queue and the queueing-inventory system and analyzed them
separately, by adopting (s,S) policy, our study shows that the two subsystems
must be treated jointly.

e Multi-parameter optimization: Our study jointly optimizes the production
rate, inspection rate, and service rate using Particle Swarm Optimization (PSO).

The rest of the paper is organized as follows: In Section. 2 the model description
is presented. In Section. 3, steady-state analysis of the model is performed, and some
key performance measures of the system are derived. Illustrative numerical examples,
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including an optimization problem, are discussed in Section. 4. Finally, some concluding
remarks are given in Section. 5.

2. Model Description

In this study, we discuss a queueing-inventory system where both production and in-
spection processes are imperfect. There are two finite depots to store the products in the
system. That is, the items produced that will be inspected are placed in Depot-1 of ca-
pacity S, and the items decided to be non-defective after the inspection process are placed
in Depot-2 of capacity K. In practice, storage areas are physically bounded by available
warehouse space, shelving capacity, or, in the case of items requiring special conditions,
by the capacity of the storage equipment, such as refrigerated units. Assuming unlimited
storage capacity, as is commonly done in the queueing-inventory literature, therefore does
not reflect the constraints encountered in real production environments. Although capac-
itated systems are analytically more complicated, we consider two finite-capacity depots
precisely because this assumption provides a more realistic representation of industrial
settings and increases the applicability of the model. The pictorial representation of the
system is given in Figure 1.

Poisson (1)
Customer arrivals

Queue
(infinite)

i - 6(1-6 -
Product|on' b q Dep.ot ! Inspection (6) ( ) Deppt L Service (1)
(s,5)-policy (max size = ) perfectitems | (Maxsize = K)

05 + Type-Il error

Imperfect items Served customer

+ Type-l error departs.

Figure 1. The proposed queueing-inventory system, where both the production
and the inspection processes are imperfect.

We assume that customers arrive according to a Poisson process with rate A\. When
a customer arrives on the system, if the server is idle and the Depot-2 inventory level
is greater than zero, service is initiated immediately when the customer arrives. Having
completed the service, the customer leaves the system. Each customer requires exactly one
item from the inventory. So, the inventory level in Depot-2 decreases by one unit. Upon
arrival, if the server is busy, the arriving customer joins the queue and the queue capacity
is assumed to be infinite. Customers are serviced on a First Come First Served (FCFS)
basis. The service time of a customer follows an exponential distribution with a parameter
p. The exponential distribution is adopted for the inter-arrival, service, production, and
inspection times because it is the natural modeling choice for continuous-time Markov
chain (CTMC) formulations, owing to its memoryless property, which ensures that the
state of the system at any time depends only on the current state and not on the elapsed
time since the last event. When the server is idle and the inventory level in Depot-2 is
zero, the customer joins the queue. Additionally, when a customer’s service is completed,
the inventory level may be depleted to zero. If any customer is waiting in the queue at
that moment, they continue to wait patiently. In any case, there is no loss to the customer.
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The internal production process is carried out depending on the inventory level in
Depot-1. The (s,.S) inventory policy is implemented; that is, whenever the inventory level
in Depot-1 drops to s, the production process is turned on. The production continues until
the inventory level reaches S. Therefore, S is the maximum inventory level for Depot-1.
When the inventory level hits S, the production is switched off. The production time is
exponentially distributed with parameter 7. We assume that the production process is
imperfect and the fraction of defective production is constant. « represents the probability
that a produced item is defective.

Continuous production without any governing control policy implies that items are
produced and inspected uninterruptedly, which is impractical when the production rate is
high and the proportion of defective items is low, as it leads to unnecessary production,
inspection effort, and holding costs. In practice, production is typically initiated only
when the inventory falls to a predetermined reorder level and is stopped once a target
level is reached. The (s, S) policy captures this behavior directly: the production process
is switched on when the inventory level in Depot-1 drops to s and switched off when it
reaches S. An important implication of adopting this policy is that the inspection queue
and the queueing-inventory system are no longer independent, as they are under the
continuous-production assumption; consequently, the two subsystems must be analyzed
jointly, which is addressed in this study by formulating the model as a QBD process and
solving it via the Matrix Geometric Method.

We also assume that there is an imperfect inspection process as given by Aghsami et
al. [2]. There are two types of misclassifications: Type-I is classifying a non-defective
item as defective (represented with probability p;), and Type-1I is classifying a defective
item as non-defective (represented with probability ps). Once an inspection is completed,
the inspected item may be a truly non-defective item or a defective item that has been
identified as non-defective. The probability that an item is identified as defective is §.

d=pi(l —a)+ (1 —p2)o (2.1)

The inspection time follows an exponential distribution with parameter 6. So, non-
defective items are sent to Depot-2 with a rate #(1 — §), and the defective items are
discarded from the system with a rate 6.

Production and inspection are affected by distinct and independent sources of error in
practice. Defective production typically results from mechanical wear, material variability,
or process drift, while inspection errors arise from limitations in human judgment, sensor
precision, or testing methodology, such as detection thresholds or sampling variability.
Because these two error sources originate from unrelated physical mechanisms, it is realistic
for an imperfect production process to be paired with an imperfect inspection process that
cannot fully compensate for it. This dual-imperfection structure is observed in various
real-world settings. In electronic component manufacturing, for instance, soldering or
assembly defects may occur during production, and automated optical inspection (AOI)
systems used to detect them have their own false-positive and false-negative rates due to
sensor resolution and algorithmic limitations. Similarly, in blood screening processes, an
infected unit can pass undetected due to the serological window period, or a healthy unit
can be incorrectly flagged as positive due to the limited sensitivity and specificity of the
diagnostic test. The proposed model reflects these practically relevant cases by allowing
both «, the probability of production defects, and p; and ps, the probabilities of inspection
misclassification to be specified independently.

The probability of producing a defective item («) and the misclassification probabil-
ities (p1, p2) are treated as fixed parameters over the planning horizon, consistent with
the modeling approach adopted in [2]. This assumption is also necessary for analytical
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tractability: since these probabilities directly determine the transition rates of the un-
derlying CTMC, thereby affecting the stationary condition required for the CTMC/QBD
formulation and, consequently, the stability analysis given by Theorem 3.1. In practice,
defect and misclassification rates are typically estimated from historical process data and
treated as constant over a given operating period, being periodically re-calibrated as pro-
cess conditions change, which is consistent with this modeling assumption. To examine
the sensitivity of the system to these parameters, extensive numerical experiments are
conducted in Section 4, in which «, p;, and po are varied across a range of values, allow-
ing their effect on the performance measures and the optimal cost to be assessed without
requiring them to be modeled as time-varying quantities.

3. The steady-state analysis

In this section, the steady-state analysis of the queueing-inventory system described in
Section 2 is performed.

Let N(t), I(t), J(t), and M (t) denote, respectively, the number of customers in the
system, the inventory level of the Depot-1, the inventory level of the Depot-2, and the
status of the production process, at time ¢. The process {(N(t),I(t),J(t), M(t)),t > 0}
is a continuous-time Markov chain (CTMC), and the state space in the lexicographical
order is given by

Q={{(ni,7,1):0<i<s, 0<ji<K}U
{(n,z,],m)s—{—lglgs—L OSJSKa m:O,l}U
{(n,8,5,0):0<j <K} },n>0.

As can be seen from the state-space definition above, each state of the system is repre-
sented by a four-dimensional vector (n, i, j, m), corresponding to the number of customers
in the system, the inventory level of Depot-1, the inventory level of Depot-2, and the status
of the production process, respectively. Since the process {(N(t),I(t), J(t), M(t)),t > 0}
is a CTMC, its infinitesimal generator can be represented using the Quasi Birth-and-
Death (QBD) structure, in which the state space is organized into levels according to the
number of customers n, and each level is further partitioned into a set of phases corre-
sponding to the remaining state variables (7,7, m). Consequently, the generator matrix
Q@ takes a block-tridiagonal form, where each block matrix corresponds to a specific level
n, and transitions between blocks represent transitions between consecutive levels (i.e.,
customer arrivals and departures), while transitions within a block represent changes in
the inventory or production status at a specific level.

The level (n,i,7,1) corresponds to the case when there are n customers in the system,
the inventory level of Depot-11is i, 0 < ¢ < s, the inventory level of Depot-2is j, 0 < j < K
and the production is on. The level (n,i,j, m) corresponds to the case when there are n
customers in the system, the inventory level of Depot-1is i, s+1 < i < S—1, the inventory
level of Depot-2 is j, 0 < j < K and m is the status of the production process (if m = 0,
the production is off if m = 1, the production is on). The level (n, S, j,0) corresponds to
the case when there are n customers in the system, the inventory level of Depot-1 is .S,
the inventory level of Depot-2 is j, 0 < 7 < K and the production is off. The transitions
rates are listed as follows:

1. State transitions triggered by customer arrivals.
(n,i,5,m) = (n+1,7,j,m) with rate A forn >0,0<i< S, 0<j < K, m=0,1.

2. Transitions due to the service of customers.
(n,i,j,m) — (n—1,4,7 — 1,m) with rate p forn > 1,0 <i < 5,1 < j < K,
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m=0,1.

3. State transitions triggered by production of items.
a. (n,i,7,1) = (n,i+1,7,1) withrate n forn >0,0<:<S5-2,0<j < K.
b. (n,5—1,5,1) = (n,S,7,0) with rate n forn > 0,0 < j < K.

4. Transitions due to an item being labeled as non-defective as a result of the inspec-
tion process.
a. (n,i,j,m) — (n,i— 1,5 4+ 1,m) with rate (1 —9) forn > 0,1 <i < S (i #
s+1),0<j<K-1,m=0,1.
b. (n,s+1,75,0) = (n,s,j+ 1,1) with rate (1 — ) forn > 0,0 < j < K — 1.

5. Transitions due to an item being labeled as defective as a result of the inspection
process.
a. (n,i,j,m) = (n,i — 1,7,m) with rate 06 forn > 0,1 <:¢ < S (i # s+ 1),
0<j<K-1,m=0,1.
b. (n,s+1,7,0) — (n,s,j,1) with rate 60 forn > 0,0 < j < K — 1.

We now establish the notation employed in the subsequent analysis. e is a unit column
vector; e; is a unit column vector is of dimension j; e;(i) is a column vector with 1 in
the i*" position and 0 elsewhere; I, is an identity matrix of order k and E = ( 8 (1) )
is a matrix of order 2. The symbol ® represents the Kronecker product. The transpose
notation is denoted by ’. Finally, we define d = (s+2)(K +1)+ (S —s—1)(2K +2), which
denotes the total number of states within a level (i.e., the dimension of each block matrix),
used as the dimension of the block matrices A, B, By, and C introduced below. The
infinitesimal generator matrix of the queueing-inventory system has a block-tridiagonal
matrix structure and is given by
By A
C B A
Q= C B A - (3.1)

The matrix A of dimension d represents the arrival of the customers in the system:

Mg 1

Mg 11
A= Mok o

Mo 1o

Mg 1
The matrix C' of dimension d represents the departures of the customers from the system:
C1

Ch

Cy

Cq
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with

Cy = w0 , Oy = po 0 ® Ip.
w0 w0
The By is a d-dimensional matrix and has a tridiagonal structure. The upper diagonal and

lower diagonal matrices represent the production process of the items and the inspection
process of the items, respectively.

Boy B R
B1 Bopx B
B Boy B R
By B~02 By
By = By | Bos Bz ,
B3y By B3
Bs Bos Bs R
B3 Bps | By
B4 | Bos
with
(=A—n—0)Ik >
Bo1 = (=\—n)I , Boo = ,
01 = ( M1k 1, Boz ( (=X —1),
(=X —0)I
By = < Y ’
(—A—0) 0
we (0 L)
BO3 = Y 0 5
( 0 (=A-n) )
Bi =nlki1, Bo = Ixi1 ®@neb(2), By = Ixp1 @ nE, By = Irci1 @nea(2),
65 0(1—0)
05 6(1—34)
Bl - ’ . ;
65 0(1—24)
0
65 6(1—94)
65 6(1— )
05 6(1—24)
06 0(1—9)
B2 — ’ T )
65 0(1— )
6o 0(1—9)
0
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05I, 0(1—6)Iy
051,  0(1—0)l

)

05I, 0(1—0)y
0
0

0deh(1) 0(1 —0)eh(1)
0deh(1) 6(1 —0)ehH(1)
0deh(1) 0(1 —d0)eh(1)
0
The matrix B also has a d-dimensional and tridiagonal structure. The upper diagonal and

lower diagonal matrices are the same ones as in the matrix By. Only the matrices in the
main diagonal change.

B, B
B, By B

B, By B
By By | B

B = By | B3 B3 ;

By | By

where
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3.1. Stability condition

Let z = (20,21, " ,2s, 2541, "+ ,25-1,25) be the steady-state probability vector of
the finite generator matrix D = A + B + C. That is, z satisfies

zD =0 and ze=1. (3.2)
The vector z; = [2;0(1), -+, zi,k(1)] , 0 < i < s and the vector zg = [250(0),- -, z5,x(0)]
include the probabilities that the production is on and the production is off, respectively.
The dimension of each vector is K+1. The vector z; = [2;,0(0), zi,0(1), -+ , zi K (0), z; x (1)],
s+1<i<8—1, of dimension 2(K + 1), represents the probabilities that the production
is both on and off. In other words, z; j(m) denotes the probability that there are ¢ items
in Depot-1, there are j items in Depot-2, and the production is on for m = 1 and is off
for m = 0.
The defined queueing-inventory system has a QBD-type generator matrix given in (3.1)
and hence it is stable if and only if zAe < zCe (see, e.g., Neuts [32]). The left side and
the right side of the inequality can be given as follows:

s K S—-1 K K
zhe =Mz i)+ 3 3 ln(0) + 2y (1] + Y 255(0)].
j=0

i=0 j=0 i=s+1 ;=0

s K 5-1 K K (3.3)
2Ce=p[ DYz + 3 D[z (0) + 2y (0] + X 26,(0).
i=0 j=1 i=st1j—=1 j=1

From the equations given in (3.3) and the normalizing condition in (3.2), we get the
following Theorem 3.1 for the stability condition.

Theorem 3.1. The queuing-inventory system with imperfect production and inspection
processes under study is stable if and only if the following condition is satisfied:

S—1 S
1-— [ Z Z@Q(l) + Z Zi70(0)}‘| . (3.4)
=0

i=s+1

A< p

We define the two probability vectors z;(1) and z;(0), respectively, corresponding to
the situations when the number of items in Depot-1 is ¢, the production is on and the
production is off. These vectors are given by

zi(1) = [zi0(1),21(1), -, 2ik(1)], 0<i<S—1,
zi(0) = [20(0),2,1(0), -+, 2z,k(0)], s+1<i<8S.

The left-hand side of equation (3.4), A, represents the customer demand arrival rate,
while the right-hand side represents the effective rate at which the system can process
this demand, taking into account the fraction of time the server is available (i.e., not
blocked by an empty Depot-2). In other words, the condition requires that the long-run
customer arrival rate does not exceed the long-run effective service capacity of the system.
Equivalently, this condition can be expressed as an intensity rate p, computed by dividing
A by the effective service rate. The system is stationary if and only if p < 1.

(3.5)

Lemma 3.2. The sum of the probabilities that the production is on equals the following

result o ) . g
3 zi(l)e = (5) [1 — zpe — ( IETIOEDS zl,K(O))] . (3.6)
i=0 =1 i=s+1

Proof. The steady-state equations in (3.2) can be rewritten as
—nz0,0(1) + pz0,1(1) + #521,0(1) = 0,
—(17 + M)Zojjfl(l) + ,UJZ()’J'(l) + 0(1 — 5)21’];2(1) + Hézl,j,l(l) =0, 2<j5<K, (37)
—(n+ )20, (1) +0(1 = 6)z1 1 -1(1) = 0.
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For1<i<s—1:

7721'_1,0(1) — (77 + 9)21',0(1) + ,UZZ'71(1) + 9(5%4_170(1) =0,
nzi-1,-1(1) = (0 + 0 4+ )z j-1(1) + pzi (1) (3.9)
+0(1 = 6)2it1,j—2(1) + 062i41,;-1(1) =0, 2<j <K, '
nzi—1,x(1) = (n+ p)zi k(1) +0(1 = 6)zi41,x-1(1) = 0.
For i =s":
7725—1,0(1) - (77 + 9),23,0(1) + st,l(l) + 9(5[,234_1’0(0) + Zs—i—l,O(l)] =0,
Nzs—1,j-1(1) = (N + 0 + ()25 j—1(1) + p2s 5(1) + 0(1 — 6)[2541,j—2(0) + 2541,j-2(1)]
+00[2541,j-1(0) + 2z541,;—1(1)] =0, 2<j <K,
Merie(1) - 0+ m)za (1) 1 61— 8) zasn i 1(0) + 2ssrae1(1)] = 0.
(3.9)
Fors+1<i<§-2:
*02@0(0) + ﬂzi,l(O) + 962i+1,0(0) =0,
nzi—1,0(1) — (n+0)zi0(1) + pzi1(1) + 00zi11,0(1) =0,

—(0 + 1)2ij-1(0) + p2ij(0) + 0(1 — 8)zit1,j-2(0) + 662i11,;-1(0) =0, 2<j <K,
nzi-1,-1(1) = (0 + 0 + p)zij-1(1) + pzi;(1) + 0(1 — 6)zit1,5-2(1)
+052¢+17j_1(1) = O,

_Hzi,K(O) + 9(1 - (5)214171(71(0) = O,
nzi—1,k (1) = (n+ p)zi,x (1) + 0(1 = 0)ziy1,k-1(1) = 0.
(3.10)
Fori=58-1:
—0z5-1,0(0) + pzs-1,1(0) + 0dz5,(0) = 0,
nzs—2,0(1) = (n+ #)zs-10(1) + pzs-1,1(1) =0,

—(0 + 1) 25-1,j-1(0) + pzs-1,;(0) + (1 — ) 25,;—2(0) + 0625,;-1(0) =0, 2<j <K,
nzs-2,j-1(1) — (n+ 0+ p)zs—1,;-1(1) + pzs—1,;(1) = 0,

—pzs—1,5(0) +60(1 —d)zs k—1(0) =0,
125 ok (1) - (1 + #)zs11c(1) = 0.
(3.11)

Fori=5":
nzs-1,0(1) — 0250(0) + p2zs1(0) = 0,
nzs—1,j-1(1) = (0 + p)zs,;-1(0) + pzs,;(0) =0, 2<j <K, (3.12)
nzs—1,k(1) — pzs,k(0) = 0.
Firstly, we obtain the following equations from the first two equations in (3.7) are
iteratively added,
pzo, (1) = nlz0, Kk —1(1)+-..420,1(1)+20,0(1)]=0[z1,0(1)+211 (1) +... 421, 5 —2(1)]=0021 1 (1),
and from the last equation in (3.7),
MZO,K(l) = —T]ZO,K(l) + 921,[(_1(1) — 95,21,[(_1(1).

Then from the equality of these equations, the result nzo(1)e = 0[z1e — 21 x(1)] for i =0
is obtained.

Secondly, from the equality between the equation obtained iteratively adding the first
two equations and the last equation in (3.8), separately for each value of i, we obtain the
result nz;(1)e = 0[z;11e — 241 k(1)) for 1 <i < s—1.
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By performing similar operations from the equations in (3.9)-(3.11), the results are
given as follows.

nzi(l)e =0[ziy1e — zip1,k(1)], 0<i<s—1,
nzi(l)e = 0lzip1e — (zip1,6(0) + zit1,k (1)), s<i<S-2, (3.13)
nzs—1(l)e = 0[zse — zs k(0)].

By adding the equations in (3.13) for all ¢ values and using the normalization equation in

(3.2), we obtain the result in Lemma 3.2.
O

Now, we define the probability 2; corresponding to the situation where the number of
items in Depot-2 is 5. This probability is given by

S—1 S
zie=Y zi(1)+ > 2,;0), 0<j<K. (3.14)
=0 i=s+1

Lemma 3.3. The probability that the number of items in Depot-2 is not zero equals the
following result

0(1 - 5)

S—1 S
(1— %pe) :( )ll—zoe— (zzi,K(l)Jr > zi,K(O))]. (3.15)

i=s+1

Proof. The steady-state equations in (3.2) can be rewritten as

For j = 1:

—n20,0(1) + p120,1(1) + 0321,0(1) = 0,

n2i-10(1) = (0 + 0)zi0(1) + pzia (1) +00zi410(1) =0, 1<i<s—1,
nzs-1,0(1) = (114 0)25,0(1) + p125,1 (1) + 00[2541,0(1) + 2s541,0(0)] = 0,

—02;0(0) + 12;,1(0) + 002;110(0) =0, s+1<i< 85 -2,
7]2'1'—1,0(1) — (7] + 9)Z@0(1) + ,uzi,l(l) + 9(52’,‘4_1,0(1) =0, (3.16)

—92’5_170(0) + ,UZS—l,l(O) + 9(5Z570(0) =0,
nzs—2,0(1) — (n+0)zs—1,0(1) + pzs—1,1(1) = 0,

—0250(0) + pz5,1(0) +nzs—1,0(1) = 0.

For2<j<K:

—(?7 + N)ZO,j—l(l) + ,LLZQJ‘(].) + 9(1 — (5)217]‘_2(1) + 95Z17j_1(1) = 0,
nzi-1,j-1(1) = (0 + 0 + p)zij—1(1) + pzi (1) + 0(1 — 6)zi41,5-2(1)
+052i+1,j—1(1) = 0, 1 S 7 S S — 1,
nzs—1,-1(1) — (n+ 6 + M)zs,j—l(ﬁ]) + p2s,(1) + 0(1 = 6)[z541,j-2(0) + 2s41,j—2(1)]
1

+60[2541,-1(0) + 2541,;-1(1)] = 0,
—(9 + M)Zi,j—l(o) + MZ@]‘(O) + (9(1 — 5)2’1_:,_173'_2(0) + 9(521'4_1,]'_1(0) =0, s+1<i<§8—-2,
nzi-1,j-1(1) = (0 + 0 + p)zij—1(1) + pzi (1) + 0(1 — 6)zit1,j-2(1) + 032i41,-1(1) = 0,

—(9 + M)ZS—I,j—l(O) + ,LLZS_L]'(O) + 9(1 — 5)257]'_2(0) + 95257]'_1(0) = O,
nzs—2j-1(1) = (n+ 0 + p)zs—1,;-1(1) + pzs—1,;(1) =0,

—(0 + p)zs,-1(0) + pzg,;(0) + nzs—1,;-1(1) = 0.
(3.17)
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=+ m)z0,k(1) +0(1 = 6)21,k-1(1) =0,
nzi—1,k(1) — (m+p)zix(1) +0(1 = 6)zip1xk1(1) =0, 1<i<s—1,
nzs—1,k(1) — (0 + p)zs k(1) + 0(1 — 8)[2541,k-1(0) + zs41,k-1(1)] = 0,

—[LZZ‘,K(O) + 0(1 — 5)Zi+1,K71(0) =0, s+1<i<§5-2,
nzi-1,k (1) = (0 + 1)z k(1) + 0(1 = 6)zi41,5-1(1) =0, (3.18)

—pzs—1,k(0) +0(1 — 6)zs k-1(0) =0,
nzs—2,ix (1) — (n+ p)zs—1,x(1) =0,

—/LZS’K(O) + 7723_17]{(1) =0.
When the equations in (3.16) are added, we get the equation pzie = 0(1—9)[2pe—z0,0(1)].

Similarly, for each value of j, the equations in (3.17) are added and we get the equa-
tion pzje = 6(1 — d)[2j_1e — 20,;-1(1)], j = 2,..., K. So, the following result can be
written.

,uéje = 9(1 - 5)[2]‘_16 - 2’07]‘_1(1)], 0 S j S K. (319)
By adding the equations in (3.19) for all j values and using the normalization equation

ze =1 in (3.2), we obtain the result in Lemma 3.3.
U

When we look at the equalities given in Lemma 3.2 and Lemma 3.3, we see that the
expressions in square brackets are the same. It follows that
5-1
w(l —2pe) =n(l—9) Z zi(le. (3.20)
i=0
We would like to emphasize the following points. The right side of the inequality in
Theorem 3.1 equals to the left side of the equation in (3.20). So, from this relation, the sta-
bility condition in Theorem 3.1 can be rewritten such as the first inequality in Theorem 3.4.

From the similarity between the right side of the inequality in Theorem 3.1 and the left
side of the equation in Lemma 3.3, we can also rewrite the stability condition in Theorem
3.1 as given in the second inequality in Theorem 3.4.

Theorem 3.4. The defined queuing-inventory system with imperfect production and in-

spection processes is stable if and only if the following condition is satisfied:

S—1
A<n(l-8) Y z(le,

S—1 S
l—z()e—(Zzi,K(l)—i— Z zzK(O))]

=1 i=s+1

Il
=)

(3.21)
A< 6(1—9)

1.

3.2. The steady-state probability vector

Let y = (y(0), y(1), y(2), ---) denotes the limiting probability vector of the generator
matrix @ in (3.1). That is, y satisfies

yQ =0 and ye=1. (3.22)
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The vector y(n), n > 0, of dimension (25 — s)(K + 1) is partitioned into vectors of
dimension (K + 1) as

y(n) = [yO(n7 1)a yl(”? 1)a ) ys(”? 1)7
ys—l—l(na O)a y5+1(n, 1)7 B yS—l(”a 0)7 yS—l(nv 1)7 yS(”: O)]

where y;(n,m) = [yio(n,m),yi1(n,m),....,yik(n,m)], 0<i< S, m=0,1.

¥i,j(n,1),0 <i <s5,0 < j < K, denotes the probability that the number of customers
in the system is n, the number of items in the inspection is ¢, the number of items in the
inventory is j and the production process is on.

vij(n,m),s+1<i<85—-1,0<j < K,m=0,1, denotes the probability that the
number of customers in the system is n, the number of items in the inspection is i, the
number of items in the inventory is j and the production process is off for m = 0 (the
production process is on for m = 1).

ys,j(n,0),0 < j < K, denotes the probability that the number of customers in the
system is n, the number of items in the inspection is maximum level S, the number of
items in the inventory is j and the production process is off.

Under the stability condition given in Theorem 3.1 (also Theorem 3.4) the steady-state
probability vector y is obtained (see Neuts [32] ) as

y(i) = y(O R, i>1, (3.23)
where the matrix R is the minimal nonnegative solution to the following matrix quadratic
equation

R’C+RB+ A=0, (3.24)
and the vector y(0) is obtained by solving
y(0)[Bo + RC] =0, (3.25)

subject to the normalizing condition

y(0)(I —R)le=1. (3.26)

3.3. Performance measures

Several performance measures characterizing the system are computed and summarized
below:
1) The probability that the number of items in Depot-2 equals to zero:

oo S-1

PDQzero Z{Z?/zON1+2ymn0}
n=1

= i=s+1

2) The probability that the system is idle (i.e., contains no customers):
Piaie = y(0)e.
3) The probabilities that the server is idle P,y and the inspector is idle P;;), respectively:

Pz(s) = y(O)e + Pd2(zero)'

00 K S—1
:Z[Zojnl—FZyZKnl—i-ZlenO)}
n=0 =1

j=0 i=s+1

4) The probabilities that the production is on (PPpy) and the inspection is on (Ploy):
oo S-1 K

PPON = Z Z Zym(n, 1)

n=0 =0 j=0



2412 S. Ozkar, U. Uzunoglu Kocer

oo K—-1 S-1

S
Plon =), [Z yij(n, 1)+ D yig(n, 0)]

n=0 j=0 i=1 i=s+1
5) The mean production rate (Epg) and the mean inspection rate (Erg):
Epr=nPPony and FErgr=0PlIlpy.
We note that Epr = Erg and n(1 — §)PPon = A.

6) The mean discard rate (Epgr) and the mean sending rate to Depot-2 for the inspected
item (ESRI>:
EDR = 9(5PION and ESRI = 0(1 - (5)PION = A
7) The mean rate at which production is switched on:
oo K-1

ERon =0 > yst1,4(n,0).

n=0 j=0

8) The mean number of customers in the system:

EN = i ny(n)e = y(0)R(I — R)2e.

n=1

9) The mean number of items in Depot-1:

o 5-1 K s K
Elp1 =) [Z DY yign )+ Y izyi,j(nvo)}-
n=0 i=1 j=0 i=s+1 j=0

10) The mean number of items in Depot-2:

o~ K S—1 S
Elpy =) Z][ S yign, 1)+ Y yi,j(n70)]~
n=0j=1 1=0 1=s+1

4. Numerical Study

The objective of this section is twofold. First, the behavior of the system performance
measures is examined for different values of various input parameters. Some key results
from the sensitivity analysis are summarized. Second, a cost function is constructed, and
its optimization is performed by using Particle Swarm Optimization (PSO). For the given
values of the unit costs, some optimum parameter values that minimize the cost function
are obtained. The results of the optimization study are also provided in this section.
All numerical calculations, including the computation of the steady-state probabilities,
the system performance measures, and the PSO-based cost optimization, were performed
using codes developed by the authors in MATLAB.

4.1. Sensitivity analysis of the system performance measures

Numerical results are presented to examine the effects of the parameters on the perfor-
mance measures under the stability condition. The input parameters used for illustrative
purposes are the reorder level s = 3 and the capacity of Depot-1 S = 8, the Type-I and
Type-II misclassification probabilities p; = 0.03 and py = 0.05 , the production rate n = 6,
the inspection rate 6 = 8, the service rate y = 7, and the customer arrival rate A = 3.

The sensitivity of the system performance measures is examined for different values
of the defective production probability o = 0.01,0.04,0.07 and the capacity of Depot-2,
K =4,6,8,10. Throughout this section, the performance measures introduced in Section
3.3 are examined, namely the mean number of customers in the system (EN), the mean
number of items in Depot-1 (Elp;) and in Depot-2 (Elpsy), the mean rate at which
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production is switched on (ERopy), the mean discard rate (Eppr), the mean production
rate (Epr), and the probabilities that production and inspection are on (PPoy and Ploy)

Figure 2 illustrates the effect the arrival rate (\), service rate (u), production rate (n)
and inspection rate (), on the mean number of customers (EN) in the system. The
analysis is carried out for two levels of the defective production probability, namely a =
0.01 and o = 0.07. As shown in Figure 2, EN increases with the arrival rate A since a
higher demand rate leads to greater congestion in the system. In contrast, EN decreases
as the service rate u, the production rate n, or the inspection rate 6 increases, because
each of these parameters improves the rate at which customers can be served. These
changes become steeper and more pronounced when the system operates under a high
traffic intensity p is high. Figure 2 also allows the effect of the defective production rate «
on EN to be assessed across the different parameters. Comparing the cases o = 0.01 and
«a = 0.07 reveals that the influence of @ becomes particularly pronounced at high values
of p, since a larger fraction of defective items reduces the effective replenishment rate of
Depot-2 and thereby intensifies congestion in an already heavily loaded system.

In addition to this, we can see the effect of the capacity of Depot-2 (K )on the behaviour
of EN for the values of K = 4,6,8,10 in Figure 2. When p is high, it is observed that the
capacity K has an important effect on EN. For increasing values of K, the values of EN
tend to decrease.

Figure 3 illustrates the effect of the arrival rate (\), service rate (i), production rate
(n) and inspection rate (), on the mean inventory level in Depot-1 (EIp;). The analysis
was carried out for different values of the capacity of Depot-2 K, and Elp; was found
to decrease as K increases. This is because a larger Depot-2 becomes full less frequently,
so that inspected items are transferred out of Depot-1 more readily and accumulate to
a lesser extent. Since the effect of K on EIp; exhibits a similar pattern for all system
parameters, Figure 3 is presented for a single value of K.

An increase in A, raises the traffic intensity rate p, whereas an increase in 7 lowers
it. Consequently, as can be seen from Figure 3, FIp; takes low values when p is high.
A higher arrival rate depletes Depot-2 more rapidly, which in turn draws items out of
Depot-1 through the inspection process, leaving fewer items in Depot-1. Conversely, a
higher production rate means that, once production is switched on, Depot-1 is refilled to
the level S more quickly, so that the system spends a greater proportion of time at higher
inventory levels in Depot-1. The defective production probability « is also observed to
affect EIpy under p, since a larger fraction of defective items reduces the effective inflow
to Depot-2 and thereby intensifies the depletion of Depot-1.

Figure 3 shows that EIp; decreases as either p or  increases, with the decrease being
more pronounced for changes in # than for changes in u. This is expected, since 6 governs
the rate at which items leave Depot-1 through inspection and therefore acts directly on
the outflow, whereas u affects Depot-1 only indirectly, through the depletion of Depot-2.
For the parameters p and 7, the curves corresponding to different values of the defective
production probability @ remain almost parallel, so that EIp; decreases as « increases
by a nearly constant amount. This is consistent with the previous observation: since an
increase in p lowers the system intensity, these panels correspond to relatively low values
of p, where the effect of @ does not become pronounced.

The behavior of the mean number of items in Depot-2 (EIp2) was examined and pre-
sented in Figure 4 for different values of the capacity K as the system parameters vary. For
low values of Elps also takes low values, since the inventory level in Depot-2 is bounded
above by its capacity. Figure 4 is therefore presented for a single value of « with the curves
corresponding to the different capacity levels.
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Figure 2. Effect of the parameters on the mean number of customers in the
system.

Figure 4 presents the change in Elps with respect to A and 7. When the system
intensity is high, Elps is expected to be high, and in this case the effect of the capacity
K becomes considerably more pronounced, since a larger Depot-2 allows more items to
accumulate before the capacity limit is reached. Moreover, as K increases, both the rate
of increase and the rate of decrease become sharper: over a given range of A the curve for
K = 10 rises more steeply than that for K = 4, while over a given range of 7, the curve
for K = 10 falls more steeply than that for K = 4. This is because, at low capacities, the
inventory level is constrained by the capacity limit and therefore responds less sensitively
to changes in the system parameters. Figure 4 also shows that the effect of u on Elps
is negligible, with only a very slight decrease observed as p increases. In contrast, the
behavior of EIpo with respect to 6 depends on the capacity of Depot-2. For low capacity
values (K =4 and K = 6) Elpy decreases as 6 increases, whereas for high capacity values
(K =8 and K = 10) Elp> first decreases and then increases slowly.
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Figure 3. The effect of the system parameters on the mean number of items in
Depot-1 for K = 4.
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Figure 4. The effect of the system parameters on the inventory level in the
Depot-2 for a = 0.07.

The impact of the mean rate at which production is switched on (ERoy) is shown in
Figure 5. This effect was also investigated for different values of the capacity K and ERon
was found to decrease as K increases, since a larger Depot-2 becomes full less frequently
and therefore allows Depot-1 to be depleted more steadily, so that the reorder level s is
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reached less often. Figure 5 is presented for the case K = 4. The change in FRpn with
increasing A values exhibits concave behavior. ERpy increases with A at low values of p,
but decreases at high values of p. In contrast, ERoy increases monotonically with 7. For
both of these parameters, the defective production probability o has a pronounced effect
on FRon when p is high. Figure 5 further shows that ERpn decreases as either p or 8
increases. For these two parameters, larger values of « consistently lead to smaller values
of ERO N-
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Figure 5. The effect of the system parameters on the mean rate at which pro-
duction is switched on for K = 4.

The effect of the capacity K on the mean discard rate (Epgr) and the mean production
rate (Epr) was also investigated as the system parameters both measures were found to be
independent of K. Figure 6 therefore shows the change in Epr and Epgr with increasing
values of A\ and u, for K = 4; the results obtained when 7 and 6 vary coincide with those
obtained for p. A can be seen from Figure 6, both Epr and Epr remain unchanged as
p increases, whereas they increase linearly with A. This is consistent with the relation
Espr = 0(1 — §)PIon = A established in Section 3.3. In steady state, the rate at which
non-defective items are sent to Depot-2 must equal the customer arrival rate, so that the
production rate, and consequently the discard rate, are determined by A alone and are
unaffected by the service, production, or inspection rates.

Figure 6 further shows that while the effect of o on the mean production rate Epp is
quite small, its effect on the mean discard rate Epg is substantial. As « increases, Fpgr
increases as expected, as a larger fraction of the products are identified as defective and
discarded during inspection. The service rate, in contrast, is only slightly affected, as it
must still meet the same demand rate A, requiring only a marginal increase to compensate
for additional items removed from the system.
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Figure 6. The effect of A and p on the mean discard rate and the mean production
rate for K = 4.

The behavior of the probability that production is on (PPpy) and the probability that
inspection is on (PIpy) was examined for different values of capacity K as the system
parameters vary, and both probabilities were found to be independent of K. Therefore, the
results are presented for the constant value K = 4 in Figure 7 and Figure 8, respectively.
When the system intensity is high, production is expected to be turned on more often.
Figure 7 confirms this relation. PPy increases with A and decreases with 7, since a higher
demand rate depletes Depot-1 more rapidly and thus triggers production more frequently,
whereas a higher production rate allows the target level S to be reached more quickly and
therefore shortens the periods during which production remains on. Moreover, PPoy is
not affected by changes in p and 6, which follows from the relation n (1 — ) PPoy = A
established in Section 3.3, indicating that PPy is determined solely by A, n and

Similarly, inspection is expected to be turned on more often when the system intensity
is high. As shown in Figure 8, PIpy increases with A and decreases with 6, the latter
because a higher inspection rate allows each item to be processed more quickly, leaving
the inspector idle for longer periods. As in the case of PPpy the changes in p and 7 have
no effect on PIpy, which is consistent with the relation (1 —0)PIoy = A given in Section
3.3.

As shown in the presented figures, the probability of defective production « has an
important effect on performance measures. Our analysis further indicates that the Type-I
misclassification probability p; has a more significant effect on performance measures than
the Type-II misclassification probability po. To illustrate the effect of p1, the performance
measures are computed for specific values of the system parameters and reported in Table
1, where a = 0.01, ps = 0.05, s = 3, S =8, K = 6, with computations performed for two
values each of the arrival rate, service rate, production rate, and inspection rate.
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Figure 7. The probabilities that the production is on for the case of K = 4.
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Figure 8. The probabilities that the inspection is on for the case of K = 4.

The computations are performed for two values of arrival rate, service rate, production
rate, and inspection rate. Table 1 shows that p; has a considerable effect on all performance
measures, and this effect is more pronounced when the system intensity rate is high. The
main findings of the sensitivity analysis are summarized in Table 2, which reports the
direction of the effect of each system parameter on the performance measures considered in
this section. Several general patterns emerge from this summary. The arrival rate A is the
only parameter that influences every performance measure, reflecting its role as the driver
of demand in the system. All other rates adjust to accommodate the demand imposed by
A. In contrast, the service rate p affects only the measures related to customers and to
Depot-1, leaving the discard and production rates unchanged, since in steady state these
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are determined by the demand rate rather than by the speed of service. The production
rate n and the inspection rate 6 act in opposite directions on the two depots: an increase
in 7 raises the inventory level in Depot-1 while lowering it in Depot-2, whereas an increase
in 6 reduces the inventory in Depot-1 by accelerating the flow of items through inspection.

The probability of defective production o and the capacity of Depot-2 K both influence
a wide range of measures, with a affecting the discard rate the most strongly and K
affecting the level of inventory in Depot-2. Finally, two measures exhibit non-monotonic
behavior, namely FRoy with respect to A and Elpo, with respect to 6, indicating that
the effect of these parameters depends on the operating region of the system. In general,
the table shows that no single parameter governs the system in isolation, which motivates
the joint optimization of the production, inspection, and service rates carried out in the
following section.

Table 1. The effect of p; on the performance measures.

0.41 < p < 0.62 0.61 < p <0.89
pr | A=22 pu=55 n=7 0=8 | A=46 pu=35 n=4 0=
EN  0.01| 0.4589 1.2142 0.7565 0.7596 | 3.1275 6.1388 1.0313 0.7970
0.03 | 0.4590 1.2173 0.7577 0.7618 | 3.5100 6.1637 1.1305 0.8060
0.05 | 0.4592 1.2210 0.7592 0.7646 | 4.0557 6.1940 1.2695 0.8173
0.07 | 0.4594 1.2258 0.7610 0.7682 | 4.8651 6.2311 1.4675 0.8314
ElIp; 0.01] 54077 4.9999 5.2390 4.9993 | 3.5766 5.0022 3.5687 5.0093
0.03 | 5.3866 4.9555 5.2092 4.9549 | 3.4500 4.9583 3.4258 4.9679
0.05 | 5.3638 4.9076 5.1769 4.9069 | 3.3144 4.9109 3.2711 4.9235
0.07 | 5.3390 4.8559 5.1421 4.8551 | 3.1692 4.8597 3.1036 4.8759
Elp, 0.01] 0.6883 1.1402 0.9077 1.1398 | 2.3229 1.1397 2.0927 1.3014
0.03 | 0.7158 1.1864 0.9447 1.1857 | 2.3740 1.1860 2.1294 1.3569
0.05| 0.7449 1.2347 0.9837 1.2338 | 2.4197 1.2346 2.1568 1.4154
0.07 | 0.7756 1.2853 1.0250 1.2841 | 2.4585 1.2856 2.1720 1.4772
ERony 0.01] 0.2797 0.2989 0.3432 0.2988 | 0.2115 0.2993 0.1438 0.2998
0.03 | 0.2806 0.2971 0.3431 0.2970 | 0.2005 0.2975 0.1363 0.2982
0.05 | 0.2814 0.2950 0.3427 0.2949 | 0.1886 0.2955 0.1281 0.2965
0.07 | 0.2820 0.2925 0.3421 0.2924 | 0.1759 0.2931 0.1193 0.2944
Epr 0.01] 0.0435 0.0594 0.0594 0.0594 | 0.0910 0.0594 0.0594 0.0594
0.03 | 0.0898 0.1224 0.1224 0.1224 | 0.1877 0.1224 0.1224 0.1224
0.05| 0.1379 0.1881 0.1881 0.1881 | 0.2884 0.1881 0.1881 0.1881
0.07 | 0.1882 0.2566 0.2566 0.2566 | 0.3935 0.2566 0.2566 0.2566
Epr 0.01] 2.2435 3.0594 3.0594 3.0594 | 4.6910 3.0594 3.0594 3.0594
0.03 | 2.2898 3.1224 3.1224 3.1224 | 4.7877 3.1224 3.1224 3.1224
0.05 | 2.3379 3.1881 3.1881 3.1881 | 4.8884 3.1881 3.1881 3.1881
0.07 | 2.3882 3.2566 3.2566 3.2566 | 4.9935 3.2566 3.2566 3.2566
PPony 0.01] 0.3739 0.5099 0.4371 0.5099 | 0.7818 0.5099 0.7648 0.5099
0.03 | 0.3816 0.5204 0.4461 0.5204 | 0.7979 0.5204 0.7806 0.5204
0.05 | 0.3897 0.5313 0.4554 0.5313 | 0.8147 0.5313 0.7970 0.5313
0.07 | 0.3980 0.5428 0.4652 0.5428 | 0.8322 0.5428 0.8142 0.5428
Plony 0.01| 0.2804 0.3824 0.3824 0.3824 | 0.5864 0.3824 0.3824 0.5099
0.03 | 0.2862 0.3903 0.3903 0.3903 | 0.5985 0.3903 0.3903 0.5204
0.05 | 0.2922 0.3985 0.3985 0.3985 | 0.6111 0.3985 0.3985 0.5313
0.07 | 0.2985 0.4071 0.4071 0.4071 | 0.6242 0.4071 0.4071 0.5428
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Table 2. Summary of the direction of the parameter effects on the performance
measures.
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4.2. Cost optimization

In this section, the total expected cost function per unit time is constructed based on
the system performance measures obtained in Section 3.3. First, let the cost elements be
defined as follows:

C1: cost per unit time of producing a unit

Cs: cost per unit time of inspection and holding one unit in Depot-1
Cs: cost per unit time of holding one unit in Depot-2

Cy: cost per unit time of discarding a nondefective product

Cs: cost per unit time of sending a defective product to Depot-2

Cg: waiting cost per unit time per customer in the system

C7: cost per unit time of providing a service

The main objective is to determine the optimal production rate n, optimal inspection
rate 6, and optimal service rate u so that the expected cost function is minimized. Based
on the unit cost elements defined above and by using the performance measures, the
expected total cost function can be formulated as

TC(n,0,n) = C1Epr + CoFEIp1 + C3EIps + C4Elp[p1(1 — )] (4.1)
+ CsElpopasa+ Ce EN + Crp

Since the expected cost function is highly complex, it is difficult to prove its convexity
and also obtain explicit expressions for the parameters using classical optimization meth-
ods. Therefore, Particle Swarm Optimization (PSO) is used to find the optimal parameter
values.

4.2.1. Particle Swarm Optimization Method. The PSO algorithm was introduced
by Kennedy and Eberhard in 1995 [20]. In the PSO algorithm, particles flow through a
multidimensional search space and the position of each particle is determined by its own
experience (cognitive) and that of its neighbouring particles (social) experiences. The
position of a particle is updated by adding a velocity to its current position [14]. Let x;(t)
represent the value of the i particle in iteration ¢. Then the value z; (t + 1) is given by

.’L‘Z'(t + 1) = xz(t) + ’U,‘(t + 1) (4.2)

The velocity vector v;(t) drives the optimization process and contains both the particle’s

own experiential knowledge (cognitive component) and the experience it obtains socially
from its neighbors (social component). The velocity is computed as below [42]:

’Ui(t + 1) = wvi(t) + ClUl(pbest — :Zil(t)) + CQUQ(gbest - :c,(t)) (43)
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The performance of PSO depends on some control parameters such as inertia weight,
acceleration constants, swarm size, number of iterations, etc. Inertia weight (w) is pro-
posed by Shi and Eberhart [42] and controls the momentum of a particle. Uy and U, are
uniform random variables. ¢; and ¢y are acceleration constants, and Eberhart and Shi [13]
showed that these coefficients can be taken 1.494 in their studies. Various studies have
shown that PSO is capable of finding optimal solutions with swarms of 20 to 60 particles
in size [13,42]. PSO has been successfully applied for optimizing highly complex cost
functions in complex queueing problems [46,47,49,50]. In our study, the PSO method
is implemented to optimize the expected cost function given the equation in (4.1). The
procedure implemented is described below:

Algorithm 1 PSO Algorithm

1: Initialization: Generate the initial swarm

2: Check the stability condition p < 1

3: Initialize pbest, gbest, velocity vector

4: Evaluate the cost function and find the initial cost value
5: while (iter <= maxiter) or (¢ > 107°) do

6: velocity update using eq.(4.3)

7: position update using eq. (4.2)

8: check the stability condition p < 1

9: if p > 1 then
10: the corresponding cost is assigned a high value
11: end if
12: update pbest and gbest
13: update minimum cost value
14: find the difference between the two latest min cost
15: if difference < 107° then
16: k=k+1
17: end if
18: if k> 3 & ¢ = difference then
19: end if

20: end while

4.2.2. Results. In the numerical study, the PSO algorithm was implemented with a
swarm size of 50 particles and a maximum number of iterations of maxiter = 50. The
inertia weight was kept constant at w = 0.5, and the acceleration constants were set to
c1 = ¢ = 1.494, as suggested by Eberhart and Shi [13]. The algorithm ends when the
maximum number of iterations is reached or when the improvement in the minimum cost
value falls below the tolerance of 107> for three consecutive iterations, as described in
Algorithm 1. The decision variables 1, 8, and p were searched within the bounds [1, 11].
Since not every parameter combination within these bounds necessarily yields a stable
system, the stability condition given in Theorem 3.1 was verified for each candidate so-
lution generated during the search. Whenever a candidate solution violates the stability
condition, a sufficiently high cost value is assigned to that solution, so that it is effectively
excluded from the search and cannot be selected as a personal or global best (see steps
8 — 11 of Algorithm 1). The unit costs used for the optimization study for illustrative
purposes are given below:

C1 =50,Cy = 25,C3 = 15,Cy = 100, C5 = 250, Cg = 40, C7 = 20.
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The optimal parameter values and also the minimum cost are obtained for K = 5 and
K =9, and the results for A = 1 and A = 1.4 are given in Table 3 and Table 4, respectively.

Table 3. Optimal parameter values and total costs when A = 1.

K| «
0.01

n

1.3632 11.0000 2.5051 196.3002 0.7568
1.3464 7.7550 2.4619 199.3318 0.7661
1.3410 5.8001 2.3285 205.0861 0.7694
1.2987 9.4705 2.3895 210.6275 0.7936

0 3 O Ot

0.1 1.4899 8.3196 2.5424 198.0384 0.7582
1.4824 11.0000 2.5085 200.8652 0.7614
1.5072 8.0587 2.5787 207.0237 0.7486
1.4568 7.9423 2.7295 213.5903 0.7740
1.3304 3.4858 2.6697 224.1929 0.7801
1.2752  5.3712  2.4459 222.4970 0.8082
1.2968 5.2621 2.6491 225.0223 0.7945

1.2709 7.8797 2.4836 227.7968 0.8106

0.01

CO 3 O U100 =3 O Ut

0.1 1.3994 7.0394 2.5750 223.1257 0.8060
1.4057 5.3378 2.4340 223.6029 0.8026
1.4197 3.2939 2.6026 227.5683 0.7971

1.3876 5.5752 2.5039 229.9751 0.8126

0 3 O Ot

Table 4. Optimal parameter values and total costs when A = 1.4.

K| o
0.01

n

77* o* M* TC* )

1.9115 71750 3.2419 218.9269 0.7584
1.9026 9.4818 3.1649 220.0875 0.7602
1.9062 7.4609 3.1494 225.0871 0.7585
1.8463 11.0000 3.1966 230.2664 0.7818

00 3 O Ut

0.1 2.1016 10.7278 3.2564 219.9151 0.7540
2.0818 11.0000 3.1912 222.0786 0.7604
2.0598 10.9526 3.2847 226.9918 0.7674
2.0330 11.0000 3.1890 233.0795 0.7773
1.8446 4.7930 3.0650 244.6230 0.7882
1.7921 11.0000 3.1461 242.3760 0.8050
1.8111 5.0682 3.1353 244.7024 0.7975

1.7732 11.0000 3.1474 247.3239 0.8134

0.01

0 ~J O U0 g O Ut

0.1 19734 7.2664 3.1578 244.4532 0.8014
1.9525 11.0000 3.2258 243.5074 0.8085
1.9840 5.4414 29882 246.9681 0.7970

1.9411 6.7474 3.2668 250.0373 0.8133

00 3 O Ot

In the PSO Algorithm, for each candidate solution satisfying the stability condition,
the steady-state probabilities, the system performance measures, and the corresponding
expected total cost were computed. This procedure ensures that all the values of the
optimal parameters reported in Tables 3 and Table 4 correspond to stable configurations
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of the system, as also confirmed by the system intensity values (p < 1) reported in the
last column of these tables.

From Tables 3 and 4, it can be concluded that the cost is minimized when the system
intensity rate is about 0.80. As the capacity K increased from 5 to 9, the system utilization
also increased. Moreover, as can also be seen from the table, another important factor
that affects system utilization is a.. For higher values of «, we have a higher intensity rate.
From Table 3, for K =9 and a = 0.01, optimal S is found at 6. When X increases to 1.4,
from Table 4, the optimal value of S is obtained again as 6 for both values of a = 0.01
and a = 0.1 when K = 9.

5. Conclusion

This study examines a queueing-inventory system in which both the production and
inspection processes are imperfect. Two finite-capacity depots are used to store the items:
produced items awaiting inspection are placed in Depot-1 of capacity S, while items iden-
tified as non-defective during the inspection process are transferred to Depot-2 of capacity
K. The production process is governed by an (s, .S)-policy, which links the replenishment
decision directly to the inventory level in Depot-1. The proposed system is represented as
a QBD process and analyzed using the geometric matrix method. The stability condition
is established theoretically, and several key performance measures are derived. An exten-
sive numerical study is then conducted to examine the effects of the system parameters
on these performance measures, followed by a cost optimization carried out by means of
the PSO algorithm.

The numerical results reveal that the probability of defective production « has a con-
siderable impact on all performance measures, and this impact becomes more pronounced
when the intensity rate of the system is high. The capacity of Depot-2 (K) emerges as
another influential parameter, particularly for the mean number of customers in the sys-
tem and the mean number of items in Depot-2. Regarding cost optimization, both K
and a have been found to substantially affect the optimal value of the total cost. These
findings indicate that achieving the minimum cost requires that the production rate, the
inspection rate and the service rate be adjusted jointly, according to the values of a and
K. These results can also be related to those reported in the related literature. The
independence between the inspection system and the queueing-inventory system estab-
lished in [2] under continuous production no longer holds once production is governed by
an (s, S)-policy, which constitutes one of the main structural differences between the two
models. Moreover, while both studies identify the probability of defects as a parameter
with a substantial effect on system performance, the finite depot capacities considered
here introduce an additional dimension. The capacity of Depot-2 is shown to influence
both the mean number of customers in the system and the optimal total cost, an effect
that cannot arise under the unlimited capacity assumption.

This study introduces a queueing-inventory system that incorporates imperfect pro-
duction and imperfect inspection under finite storage capacities and a production control
policy. Given that the occurrence of defective items is an inherent aspect of real-world pro-
duction systems, the proposed model is expected to have broad applicability in practice.
The comprehensive theoretical analysis, supported by the numerical results, offers valuable
insights into the efficient operation of such systems. It should be noted that this study
is subject to some limitations, which also provide directions for further research. While
necessary for the Continuous Time Markov Chain (CTMC) formulation, the assumed ex-
ponential distributions for inter-arrival, service, production, and inspection times may not
capture the variability observed in production environments where these times are less or
more variable than the exponential case. Similarly, the probabilities of defects and misclas-
sification are treated as constant across the planning horizon and therefore may not reflect
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potential variations due to equipment breakdown or operator experience. The model also
assumes a single server and a single inspector, both of which are perfectly reliable. Items
identified as defective are also assumed to be discarded rather than reworked. Relaxing
these assumptions could set many goals for future work. The model could be extended by
considering phase-type distributions for service, production, or inspection times, by adding
multiple servers or inspectors, or by allowing for server and inspector failures. Applying
the model to a real production or sorting system using parameter estimates derived from
field data represents a valuable aspect for future research.
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