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ABSTRACT

In this paper, we investigate warped-twisted product manifolds that are both concircularly flat and conharmonically flat. We
examine the structure of their factor manifolds under these curvature conditions. Then we characterize the factor manifolds of a
warped-twisted product manifold in terms of Ricci soliton and Yamabe soliton structures. Moreover, we introduce the notions
of a warped-twisted generalized Robertson-Walker spacetime and a warped-twisted standard static spacetime. We also provide
some applications for concircularly flat warped-twisted product manifolds that admit these spacetime metric structures. Finally,
we prove that one of the factor manifolds of these spacetimes is gradient almost {-Yamabe soliton.
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1. INTRODUCTION

The concircular curvature tensor C is invariant under concircular transformation. A concircular transformation preserves geodesic
circles (Yano (1940)). The tensor C measures the deviation of the Riemannian manifold from constant curvature (Yano (1940)),
since a concircularly flat manifold has a constant curvature. If the Laplacian of a function vanishes then it is a harmonic function
and the conharmonic transformation preserves the harmonicity of a certain function. The conharmonic transformation keeps the
conharmonic curvature tensor H invariant.

The notion of a warped product which is a complete manifold of negative curvature was presented by Bishop and O’Neill (1969).
The concept of warped-twisted product (Gerdan Aydin and Tastan (2022); Tastan and Gerdan (2018); Tastan and Gerdan Aydin
(2022)), doubly warped product (Gutierrez and Olea (2012)), twisted product (Ponge and Reckziegel (1993)) and warped product
(Chen (2017)) are the special types of the doubly twisted products (Ponge and Reckziegel (1993); Yano (1940)). Ricci solitons
(Hamilton (1988)) and Yamabe solitons (Chen and Deshmukh (2018)) have recently been investigated by many authors. Ricci
solitons are in close relationship with the warped product manifolds. Cao et al. (2012) showed that a gradient Yamabe soliton
has a warped product structure. Besides that, some authors considered gradient solitons on doubly warped and twisted product
manifolds (Blaga (2022); Giiler and Tastan (2022)). Some applications of twisted products are also investigated by Mantica and
Molinari (2017).

Moreover, Chen (2015) studied Ricci solitons when their potential vector field is concircular. De et al. (2020) investigated
concircularly flat warped product manifolds and concircular curvature tensor when it is divergence-free on warped product
manifolds. Ahsan and Siddiqui (2009) considered perfect fluid spacetimes with the concircular curvature tensor which is either
vanishing or divergence-free. The twisted product manifold was investigated by Agaoka et al. (1999) when its conharmonic
curvature tensor vanishes. Agaoka et al. (2000) also showed that a Riemannian manifold is locally a product manifold under
certain conditions, provided that it is conharmonically flat. Besides these studies, an application of the conharmonic curvature
tensor satisfying the Einstein field equations on a four dimensional spacetime was given by Siddiqui and Ahsan (2010). In the
present paper, we provide the basic background of warped-twisted product manifolds and the definitions of gradient solitons,
concircularly and conharmonically flatness in Section 2. In Section 3, we investigate the structure of factor manifolds when the
warped-twisted product manifold is both concircularly flat and conharmonically flat. Moreover, we introduce warped-twisted
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generalized Robertson—Walker spacetime and warped-twisted standard static spacetime and we give some results when these
spacetime models are concircularly flat in Section 4.

2. PRELIMINARIES

2.1. Warped-twisted products

Let f5 : N» — (0,00) and f; : Ny X N» — (0, 00) be smooth functions. Then ,Ni Xz N> is called a warped-twisted product
manifold (Tastan and Gerdan (2018)) with warping function f, and twisting function f; when it has a metric tensor g defined by

g = (from)?m(g1) + fim5(g2), (1)

where m; denotes the canonical projection from the product Ny X N to N;, fori = 1, 2. If f; depends only on the points of Ny, then
N1 Xz Np becomes a doubly warped product manifold (Gutierrez and Olea (2012)) with warping functions f;. If f; depends
only on the points of Ny, then £, Ni Xz N, becomes a base conformal warped product manifold (Dobarro and Unal (2008)). A
warped-twisted product is non-trivial except for doubly warped product and base conformal warped product case.

Let N1 Xy, N> be a warped-twisted product manifold. Then, the following formulas hold:

VEF =VLF —g(E,F)VIn(f; o m), 2)
VLE =VgL =L(n(f, om))E + E(In fi)L, 3)
VkL=V%iL+K(nfi)L+L(n fi)K - g(K,L)VIn fi, 4)

where E,F € L(N;) and K, L € L(N;). Here, V is the Levi—Civita connection of g given in (1) and for i € {1,2}, V' is the
Levi—Civita connection of N;.

Remark 2.1. We use the notation p = In fj (resp. r = In f») and we denote the function p (resp. r) and its pullback p o m;
(resp. r o mp) with the same notation. And also the set of lifts of vector fields are denoted by L (N;) on N;. Moreover, the same
notation can be used for both a vector field and its lift and for both a connection on N; and its pullback via 7;, since 7; is a positive
homothety.

For any E € L(N;) and K € L(N>), we have from (2) and (3) that
h"(E,K) = EK(y) - E(p)K(¥) - EW)K(r), &)

where ¢ is a smooth function on the warped-twisted product 5 N1 Xz, N.
Next, we define hY (E,F) = EF(y) — (VLF)(¥), for all E,F € L(N;) and hY(K,L) := KL() — (VLL)(¥), for all
K,L € L(N,). From (2) and (4), we have

hY(E,F) = h!(E,F) + g(E, F)g(Vr,Vy) (6)
and
h* (K, L) = hy (K,L) = K(p)L(¥) = L(p)K () + g(K, L)g(Vp, V). )

Since Vr € L(N,), from (6) and (7) we deduce that

hP(E,F) = h{(E,F) + g(E,F)g(Vr,Vp), (8)
W(E,F)=g(E,F)g(Vr,Vr), 9
hP(K,L) = h5(K,L) = K(p)L(p) = L(p)K(p) + g(K,L)g(Vp,Vp), (10)
W' (K,L) = hy(K,L) - K(p)L(r) - L(p)K(r) + g(K, L)g(Vp, Vr). an

Let ;N1 X s, N2 be a warped-twisted product with the Riemann curvature tensor R. Then, from (2)—(4), we get:

Lemma 2.2. Let 'R and R be the lifts of the Riemann curvature tensors of (N1, g1) and (N, g2) respectively. For E,F,Z € L(N)
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and K, L,W € L(N;), we have

RerZ ='RppZ + H' (F)g(E,Z) - H' (E)g(F, Z), (12)
RerK = K(r){F(p)E - E(p)F}, (13)
R E = E(p){L(r)K — K(r)L} + KE(p)L - LE(p)K, (14)

RixF = {hf(E, F)+ E(p)F(m}K + F(p)K(E

+g(E,F){Hr(K)+K(r)Vr}, (15)

RggL = {hS(K, L)+ K(r)L(r) - K(r)L(p) - K(p)L(r)}E

+ {L(r)E(P) - EL(P)}K + {E(P)Vp + H"(E)}g(K, L), (16)
RxrW => RxrW - {hg’(L, W) - W(p)L(p)}K

+ {hé’(K, W) - W(p)K(p)}L - {H”(K) + K(p)Vp}g(L, W)

+ {HP(L) + L(p)Vp}g(K, W), (17

where HY (E) := VgV f is the Hessian tensor of a smooth function f on AN1X 5 No.
Let N1 X 7, N> be a warped-twisted product with the Ricci curvature tensor Ric. Then from (12)—(17) and (9)—(10), we get:

Lemma 2.3. Let 'Ric and Ric be the lifts of the Ricci curvature tensors of (N1, g1) and (N2, g2) respectively. For E,F € L(N)
and K, L € L(N,), we have

Ric(E, F) ='Ric(E,F) + " (E, F) — nz{hlp(E, F) + E(p)F(p)}

-g(E, F){Ar +g(Vr, Vr)}, (18)

Ric(E,K) = (1 =m)EK(p) + (n; +no —2)E(p)K(r), (19)
Ric(K, L) =2Ric(K, L)+ hP(K,L)+ (1- nz)hg(l(, L) +mK(p)L(p)

-g(K, L){Ap +g(Vp, Vp)}
—-n {hE(K, L)+ K(r)L(r) —= K(r)L(p) - K(p)L(r)}, (20)

where A is the Laplacian operator on ;N1 Xy, N» and n; = dim(N;), fori € {1,2}.
Let N1 X r, N> be a warped-twisted product with the Ricci operator Q. We give the following lemma from (18) and (20).

Lemma2.4. Let'Q and’Q be the lifts of the Ricci operators of (N1, g1) and (Na, g») respectively. For E € L(N;) and K € L(N>),

we have:
OF = # (‘QE - ’}—fHﬁ(E) ~ f3Ar- E) @
2
1 2-m) 5 K(f)Vf
er= f_f(ZQK+ Ao (R)+ 20 -2 = 22)
. { % P - K¢ fz)Vf1f 1+le<<]€1>sz} _ f2ap- K)
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2.2. Gradient Yamabe/Ricci Solitons, Concircularly/Conharmonically Flat Manifolds
Let (N, g) be a pseudo-Riemannian manifold. Let ¢ be a smooth function on N and A be a real constant satisfying
h? = (r-g. (23)

Then N is a gradient Yamabe soliton (Chow (1992)), where 7 is the scalar curvature of (N", g) and 7? is the Hessian of the ¢. Let
¥ be a smooth function on N. If h? = yg, then (N", g, ¢) is a conformal gradient soliton. On the other hand, if we have

h? + Ric = g, (24)

then (N", g) is a gradient Ricci soliton (Hamilton (1988)), where ¢ is a smooth function on N, A is a real constant and Ric is the
Ricci curvature of (N, g). Moreover, if we have

h =(r-Dg+vi®L, (25)

for a 1-form ¢ and for a real constant v on N, then (N, g) is a gradient {-Yamabe soliton (Chen and Deshmukh (2018)).
(N™, g) is a gradient {-Ricci soliton (Cho and Kimura (2009)), if we have

h? +Ric=Ag+v{® ¢, (26)

for two real constants A and v, and for a 1-form { on N.

The soliton is called shrinking, expanding or steady when 4 > 0,4 < 0 or 4 = 0 respectively. If 1 is a smooth function on N,
then (N", g, ¢) is called an almost soliton in the above definitions.

(N™, g) is called a gradient f-almost Ricci soliton (Gomes et al. (2017)) if the following equation holds

fh? +Ric = Ag,
for some smooth functions f, ¢ and A on N. Additionally, (N", g) is a gradient f-almost {-Ricci soliton if we have
fh? +Ric=1g+vi® .
If the condition Ric = Ig holds for n > 2, then (N, g) is called an Einstein manifold (Besse (1987)).

n
Let us give the definition of concircular and conharmonic curvature tensors. Let
T

MR

G, 27

1
where G = E(g A g) for the Kulkarni-Nomizu product A and R is the Riemann curvature tensor of N. Then, C is called the
concircular curvature tensor (Yano (1940)). We say that N is concircularly flat when C vanishes identically on N. Let
1
HegrZ = RepZ — —2{g(F, Z)QE - g(E,Z)QF +Ric(F, Z)E - Ric(E, Z)F}
n—

for every vector fields E, F,Z on N. Then H is called the conharmonic curvature tensor (Ishii (1957)). We say that N is
conharmonically flat when H vanishes identically on N.

3. MAIN RESULTS
In this section, we obtain some results when a warped-twisted product manifold is concircularly and conharmonically flat.

Lemma 3.1. Let 5, N1 Xy, Ny be a warped-twisted product manifold. Then the following equations hold for any E, F,Z € L(N)
and K,L,W € L(N;):

CerZ ='RprZ+g(E,Z)H'(F) - g(F,Z)H" (E)

L (28)
“aner =Ty 81 DE —1(E. D)F},

CerK =K(r){F(p)E - E(p)F}, o)

CkLE =E(p){L(r)K - K(r)L} + KE(p)L - LE(p)K., (30)

CexF ={h)(E,F)+E(p)F(p)}K + F(p)K(nE

+g(E,F){H" (K) + K(r)Vr} + %gl(ﬂ F)K, 6D




Istanbul Journal of Mathematics

CxeL = {Ry(K,L) + K(r)L(r) = K(r)L(p) = K(p)L(r) }E
+H{L(ME(p) - EL(p)}K X (32)

f T
+g(K,L){HP(E) + E(p)Vp} + ﬁgz(K L)E,

CkLW  =*RxtW = {5 (L,W) = W(p)L(p)}K + {h} (K, W) = W(p)K(p)} L
+g(K, W){HP(L) +L(p)Vp} - g(L,W){HP(K) + K(p)Vp}
f T
Zn(

(33)
{gz(L W)K - g2(K,W)L}.

Theorem 3.2. Let 7, N\ Xz, Na be a warped-twisted product manifold with ny,ny > 2. If N is concircularly flat, then

(@) (Ny,g1) is Einstein with 'Ric = v, g,

where v| = fzz(nl - 1){g(Vr,Vr) + o (T 0

(b) (N3, g2) is a gradient {-Ricci soliton with *Ric +fh§ =g +m{®L,

2
T

where f =2 —ny, A= A*p + {flz(nz —-1)-1}g(Vp,Vp) + fl—
2n(n-1)

pullback of dp to N,

(¢) N = NiXjp N;is a twisted product manifold or GEpVp = 0,

(d) N =y, N1X N3 is a warped product manifold or Gg 1 Vr = 0.

(np=1), v, =3-ny — f12 and ¢ = dp, where dp is the

Proof. Forany E,F,Z € L(N,),

£

\RepZ = —g(E,Z)H" (F) + g(F,Z)H" (E) + ——=—— m(n =

=) 81 DE = s1(E. )F},
from (28). Hence, for any T € L(N}), using (1) and (9), it follows that
g1(H"(E),T) = g(Vr,Vr)gi(E,T),
and thus, we obtain
$1(RerZ.T) = ~f38(Vr. V)81 (E. 2)81(F.T) + f8(Vr. V)1 (F. 2)81 (E.T)
4o (f {81 (. 281 (E.T) - g1 (E. 2)q1 (F.T)}.

Hence we get

Ric(F,Z) = f2(n) - 1){g(Vr, Vr) + ;_D}gl(F, 2),

2n(n

if we contract the previous equation over E and 7. This proves (a). For any K, L, W € L(N,), we have

ReLW = {hg(L, W) - W(P)L(P)}K - {hg(K, W) - W(P)K(P)}L

~g(K, W){HP(L) + L(pr} +g(L, W){HP(K) + K(p)Vp}
fi

YD) ———{g2(L,W)K — g2(K, W)L},

from (33). Hence, for any S € £(N>), using (1) and (10), it can be seen that

g2(HP(K),S) = hY (K, S) = K(p)S(p) — S(p)K(p) + g(Vp.Vp)gi1 (K, S),
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and therefore, we obtain

aCRaW.S) = {BELW) WL (k.9
—{hf(K, W) - W(p)K(p)}gz(L, S)
-82(K, W){hﬁ’(L, S) =2L(p)S(p) + f1&2(L,S)g(Vp,Vp)
+L(p) fig2(Vp. S)}
+&2(L, W){hé’(K, S) = 2K (p)S(p) + f1g2(K,$)g(Vp,Vp)
+K(p) fig2(Vp, S)}

27'
+—2n£ -0 {gz(L, W)g2(K,S) — g2 (K, W)ga(L, S)}.

By contracting this equation over K and S, we get

*Ric(L,W) + (2 — ma)h? (L. W) = {Azp + {(20m - 1) - 1}g(Vp.Vp)

fir
+m(”2 j 1)}g~2(L’ w)
+(3 —ny = f)dp(L)dp(W),

which proves (b). For any E, F € L(N;) and K € L(N;), we have
K(r){F(P)E - E(P)F} =0,

from (29). It follows that K(r) = 0, for all K € L(N;), or F(p)E — E(p)F =0, for every E, F € L(N;). From the last equation,
we get

1
GerVp = E{g(F, Vp)E - g(E,Vp)F} =0.

If K(r) = 0, we deduce that N = N1 Xy, N is a twisted product manifold, which completes the proof of (¢). We can prove (d)
similarly from (30).

Lemma 3.3. Let , N1 Xy, No be a warped-twisted product manifold. Then, for any E,F,Z € L(N1) and K,L,W € L(N3), we
have

HerZ ="' RgrZ + g(E,Z)H" (F) - g(F,Z)H' (E)

1o o
) { ?g(F,Z){lQE— 7?11{ (E) - f2Ar - E}

/i
+'Ric(F,Z)E + I (F,Z)E — ny{h? (F,Z)E + F(p)Z(p)E}
- g(F, Z){Ar +g(Vr, Vr)}E
+'Ric(E, Z)F + " (E, 2)F — np{h (E, 2)F + E(p)Z(p)F}

1
- —g(E.2){'oF - ”—TH{I (F) - f2Ar - F}
2

- g(E, 2){Ar + g(Vr,Vr)}F } (34)
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HxLW  =>RgrW — {h) (L,W) = W(p)L(p)}K + {h} (K, W) = W(p)K(p)}L
—{H?(K) + K(p)Vp}g(L, W) + {HP (L) + L(p)Vp}g(K, W)

11 (2 - n) K(f)VSi

n-2|72¢ 7 72

K()VA+K(OVLY 0y
fif ) Tidp K)

2 - . L \Y
fan)Hg'(L)+2(n2—2) (fleI)2 fi

| L()Vfi+ L)V
- fifa )= fisp: L) (35)
+( 2Ric(L, W) + hP (L, W) + (1 = np)h} (L, W) + myL(p)W (p)

—-g(L,W){Ap +g(Vp,Vp)}

—ni{hy(L,W) + L(r)W(r) = L(r)W(p) — L(p)W(r)})K

-( 2Ric(K, W) + h? (K, W) + (1 = m)h? (K, W) + mK (p)W (p)
-g(K,W){Ap +g(Vp,Vp)}

—ni{hy (K, W) + K(r)W(r) - K(r)W(p) - K(p)W(r)})L}-

(L, W)(2QK + H](K) +2(n2 - 2)

1
_nl(Eng(K) _

1
—f—lzg(K, W)(zQL+

Theorem 3.4. Let , N1 Xy, N» be a conharmonically flat warped-twisted product manifold with ny,ny > 1 and n # ny + 2. Then

(a) (Ni,g1) is a gradient {-Ricci soliton, where

-2 -1+ 2 _ 1 1
2 = {(n )(”nl_n1 _;l}fz M e (Vr V) + m( = %Alfl - (1 +f22)Ar)’

1 (—niny + f3) » .
= ——, v| = —— and { = dp, where dp is the pullback of dp to N,
2+n;-n) n—ny—2
2
(b) h;z + nnle Ric = 4282 + vadp ® dp + & (dp ® dr + dr ® dp),
2n1 -2 ny —niny
+ 9
n—-2 n—-2 "
2n1
(n—-2)f}

f

3n2—n§—1
n—-2

wherem:—{( +n2—f12—1)l7+
2 — 2 242
P LM AOE

2—ny ni Zflz(l_nZ)
_ 20 )
n—22)A2p n-—2 rf+ n-2 P
ny — nij2

dé = 12
n—-2 an 62 n—2f3

2
A = {ﬁ T(f14n2 + g(Vp,Vr)

+(A%+

V) = 2 - npy — 2
Proof. Forany E,F,Z € L(N;), we have

'"RerZ + g(E,Z)H' (F) — g(F, Z)H'" (E)
1 1 n )
— { ?g(F, Z)( 0E - 7?11{ (E) - f2Ar - E)
1
—%g(E, Z)( OF — ’%H{l (F) - f2Ar - F)
1
+112{ic(F, Z)E + h"(F,Z)E —ny{h¥ (F,Z)E + F(p)Z(p)E}
—g(F, Z){Ar +g(Vr, Vr)}E
+!Ric(E, Z)F + h"(E, Z)F — no{h? (E, Z)F + E(p)Z(p)F}

—g(E, Z){Ar + g(Vr,Vr)}F }: 0

from (34). Hence, for any T € L(N}), using (1) and (9), it follows that

gl(Hr(E)’T) = g(vr’ Vr)gl(E’T),
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and thus, we obtain

@1(RErZ,T) = ~g(E, Z)g1 (" (F),T) + g(F. Z)g (H' (E), )
v { s 208 1) - Rl )1 - v 8.1
) 1

1 .
—Fgw, Z) (gl ('oF.,T) - %gl (H]'(F),T) - f2Arg(F, T))

+{'Ric(F, Z) + h" (F,Z) — 2 {h? (F, Z) + F(p)Z(p)}
—8(F.Z){Ar + g(Vr,Vr)}}g1(E,T)
+{'Ric(E, 2) + " (E, Z) - m{h? (E, Z) + E(p)Z(p)}

—g(E,Z2){Ar + g(Vr, Vr)}}gl(F, T) } .

Hence we get

1 {(n=2)(m = 1) +m}fF —m
'Ric(F, Z — 9= 2 vr,V
ic(F, )+(2+n1—n)h1 2 g(Vr,Vr)
1 1 ny
- —=A
+n—n1—2(T N th

—mi(1+ fDAr) b1 (F.2)

(—ninz + f3)
—

n—ny—

dp(F)dp(Z),

if we contract the previous equation over E and T, where ¢ = (n, — njnpp — npp). Thus, we obtain the assertion (a). For any
K,L,W € L(N;), we have

RiW = {n)(L,W) = W(p)L(p)}K - {h) (K,W) = W(p)K(p)}L
+{H"(K) + K(p)Vp}g(L,W) - {HP (L) + L(p)Vp}g(K, W),
1 (2-m) 1 K(f1)V
+——158(L, W)(ZQK+ TZH;” (K) +2(ny - 2) }12 ‘
1 _K()VAi+ KDV
£l fif
—filzg(K, W)(ZQL + (2}—1"2)H{1 (L) +2(n2 - 2)

1 L(L)Vfi+L(f))Vf

f
)
() - SHEEAELIEER) -y o

+(2Ric(L, W) + hP (L, W) + (1 = n2)h? (L, W) + mL(p)W(p)

-g(L,W){Ap +g(Vp,Vp)}
—ni{hy(L, W) + L(r)W(r) = L(r)W(p) - L(p)W(r)})K

)- st
L(f)Vfi

—(zRic(K, W) + h? (K, W) + (1 = np)h5 (K, W) + n2K (p)W(p)
—8(K,W){Ap +g(Vp,Vp))

—ni{hy (K, W) + K(r)W(r) - K(r)W(p) - K(p)W(V)})L}

from (35). Hence, for any S € L(N;), using (1) and (10) we get

g2(HP(K),S) = Y (K, S) = 2K(p)S(p) + g(Vp.Vp)ga2(K.,S),
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and we obtain

2CRKLW,S) = (R} (L.W) = W(p)L(p)}g2(K. S) - {5 (K, W) - W(p)K(p)}g2(L, S)
+Hea(HP (K), S) + K ()g2(Vp, $)}g (L, W)
~{g2(HP (L), 5) + L(p)g2(p, )}g (K, W)
! (2-n2)

+og ) g0k, 5) + =22

1K(fl)gz(vfl,s)
2

g2 (HJ (K), S)

+2(n2 - 2)

1
n (j%gz(H‘zfz(K), s) -

~128p.82(K. 5)
1 2 —
K W) 0L + E et (1), 9

1
+2(ny - 2) L(fl)gz(zvfl, S)

K(f2)g2(Vfi,S) + K(f1)g2(V fa, S))
fif

1
o (}%ng{Z(L), 5) -

~/i%Ap - g2(L. )

+(2Ric(L, W) + hP (L, W) + (1 = no)hE (L, W) + maL(p)W(p)
—8(L,W){Ap +5(Vp,Vp)}

—ni{hy (L, W) + L(n)W(r) = L(n)W(p) — L(P)W(r)})gz(K, S)
—(zRic(K, W) + h? (K, W) + (1= n2) b (K, W) + oK (p)W(p)
—8(K,W){Ap +g(Vp,Vp)}

—ni{hy (K, W) + K(r)W(r) - K(r)W(p) - K(P)W(r)})gz(L, S)}~

L(£2)g2(Vf1,S) + L(f1)g2(V fa, S))
fif

Hence we get
2

2
L Ric(L, W) + hE (L, W) = {
n—-2

— T
2 -2) mff 2n
fina + - g(Vp,Vp) + ———¢(Vp,Vr)
(1 fAn-2) n-2 X (n—2)f?
2—-n n 2f7(1 —ny)
2 2 _ 1 1
+(fi + n_2)A2p Tl ——— Ap}gz(L,W)

-2
+{2 -ny - 2%dp(L)dp(W) - n’i‘ 5;3 (dp(W)dr(L) + dp(L)dr(W));,

1

if we contract the previous equation over K and S, where

{ (3ny —I’l22 -1
o =Bz =D

n—2
Thus, we obtain the assertion (b).

2n; -2 -
+n2—f12—1)p+ (2 )+n1 nlnzr}.

(n-2) n-2

4. SOME APPLICATIONS OF WARPED-TWISTED PRODUCTS

Let (M, gpr) be a Riemannian manifold, and let f be a positive smooth function on J, where J is an open interval in R. The product
manifold N = J Xy M is called a generalized Robertson—Walker spacetime with dimension n, when it is given by the metric

g:= —dr? @fng.

Here dt? is defined as the usual Euclidean metric tensor on J. For more details, see Chen (2014); Mantica et al. (2016); Mantica
et al. (2016); O’Neill (1983).

Now, we generalize this notion. Let J be an open interval in R, f] be a positive smooth function on J and f, be a positive smooth
function on N,. The pseudo-Riemannian manifold z,J Xz N> which is given by Lorentzian metric

g=-frdt*® flg, (36)
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is called a warped-twisted generalized Robertson-Walker spacetime (see Mantica and Molinari (2021)). Here, 9t is the standard
vector field on J. Hence the following lemmas hold by (2)—(4) and Lemma 2.2 directly:

Lemma 4.1. Let f, J X5, N» be a warped-twisted generalized Robertson—Walker spacetime. Then we have

Voot = f7Vr, 37)
V00t = VgL = L(r)dt + p'L, (38)
VkL=V4iL+K(p)L+L(p)K - g(K,L)Vp, (39)

where K, L € L(N,), p =In f] and r = In f, are functions on J X N,, and also p’ = 0t(p).

Lemma 4.2. Let ¢, J Xy, N> be a warped-twisted generalized Robertson—Walker spacetime. Then we have

Rir0t = p'{L(r)K - K(r)L} + K(p")L — L(p")K, (40)
Rorkdt = {=p" + (p")}K + p'K(r)01 = fF{H" (K) + K(r)Vr}, (41)
RkorL = {hy(K,L)+ K(r)L(r) = K(r)L(p) — K(p)L(r)}ot 42)
+{L(r)p’ - 0t(L(p))}K + {p'Vp + HP(d1)}g (K, L),
where K, L € L(N,) and h”(-,-) = g(HP(-), ).
Theorem4.3. Let 1, J Xz, Ny be awarped-twisted generalized Robertson—Walker spacetime given by the metric g = — 22dt269 flzgg.
If it is concircularly flat, then for any K, L € L(N>)
1
(@) (N2,g2) is a gradient almost {-Yamabe soliton which holds h, = Agx + v{ ® {, where { = dr, v = W and A =
1f2
1 ” N2 Tf22
JR— -— + -,
f2{ LA R TRk

2
(b) p'{L(r)K - K(r)L} ={K(p’)L - L(p")K}.
Proof. LetK,L € L(N,). Using (27) and (41), we obtain

1 Tf5 1
WK, L)=—={-p" +(p')? - —2—1a»(K,L) + ———dr(K)dr(L).
2 AR e (fif2)?
Thus, the assertion (a) holds. On the other hand, the assertion (b) follows directly from (27) and (40).

Let J be an open interval in R and d¢> be the Euclidean metric tensor on J. Let (B, gg) be a Riemannian manifold, and let
f : B — (0, c0) be a smooth function. The product manifold N = J X B is called a standard static spacetime when it is given by
the metric tensor

g = —fzdt2 ®gB.

Then, it is denoted by ¢J X B. For more details see Allison and Unal (2003); Beem et al. (1996); Dobarro and Unal (2004).
Now we generalize this notion. Let J be a real open interval, and let f; be a positive smooth function on N. Suppose that f>
depends only on the points of J. Consider a pseudo-Riemannian manifold N = J X N,, which is given by the Lorentzian metric

g = —fldf’* ® fg, (43)

with 0t denoting the standard vector field on J. Then we say that J X, No = (N, g) is a warped-twisted standard static spacetime.
Hence we give:

Lemma 4.4. Let f, J Xy, N» be a warped-twisted standard static spacetime. Then we have

Vo dt = 2p'dt + f2Vp, (44)
V10t =VgL=L(p)ot+rL, (45)
VL =V%iL-g(K,L)Vr, (46)

where K, L € L(N,), p =In f| and r = In f, are functions on J X N,, and also dt(p) = p’ and dt(r) =r’.
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Lemma 4.5. Let ¢, J Xr, N> be a warped-twisted standard static spacetime. Then we have

Rkr0t =r'{L(p)K - K(p)L}, 47

Roxdt = {=r" +(r')* = 2r'p"}K + {r'K(p) = K(p")}01

—fE{K(p)Vp + HP (K)}, (48)

Rka:L = {hY(K,L)+K(p)L(p)}dt )
+L(p)r'K + {r'Vr + H" (d1)}g(K, L),

RitW =>Rg W + H" (L)g(K,W) — H" (K)g(L, W), (50)

where K, L,W € L(N).

Theorem 4.6. Let 7, J Xy, N2 be a warped-twisted standard static spacetime given by the metric g = —flzdt2 s} f22g2. If it is
concircularly flat, then for any K, L € L(N;)
T f22

2n(n—1) (n2 = 1),

(a) (N, g») is an Einstein manifold with *Ric = Ag,, where A =

1 Tf12 144

(b) (N2, g2) is a gradient almost {-Yamabe soliton with hé’ (K,L) = 2282(K, L) + vdp ® dp, where 15 = F{Z -1 -r'"+
n(n—
1

(r')? - 2r’p’}, v = —1;)2 and ¢ = dp, where dp is the pullback of dp to N»,
(¢) L(p)K — K(p)L = 0 or 5,J X N3 is a twisted product.
Proof. Let K, L € L(N;). Using (27) and (50), we have

7f?

21 2
Ric(K,L) ={—————(np — 1 K, L
ic(K, L) {Zn(n—l)(n2 )} g2(K, L),
which proves the assertion (a). On the other hand, using (27) and (48), we obtain
Tf2

1 ~ .
— 1" +(r')* = 2r'p'}g2(K, L) - ———dp(K)dp(L).
} (fif)?
which yields (b). Also, using (27) and (47), we find r’'{L(p)K — K(p)L} = 0. Hence, L(p)K — K(p)L =0orr' =0.1f ¥’ =0,
then r = In f> is a constant. If f, = ¢, then g = — flzdt2 ® c?g», which says that the manifold is a twisted product of type fd X Na.
Thus, the assertion (c¢) holds.

1
W (K,L) = ——{—"1—
2 12{2n(n— 1)
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