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Abstract: This study introduces a new family of matrices, the g-analogues, by generalizing the classical
Min and Max matrices with entries from the g¢-calculus. The fundamental algebraic properties of these
matrices, such as determinant, inverse, characteristic polynomial, LU decomposition, and Frobenius and
spectral norms, are systematically investigated. The results are supported by low-dimensional numerical
examples demonstrating the validity of the formulas. This study makes a significant contribution to the
literature on Min and Max matrices by providing a comprehensive analysis of a g-dependent parametric
extension of these matrices.
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1. Introduction

The g-calculus, often called quantum calculus, is a generalization of classical calculus that elimi-
nates the notation of limits and provides new ways to define derivatives and integrals. It includes
a g-parameter to extend fundamental mathematical concepts. For example, the g-analogue of an
integer k is defined as

(kly=1+q+q*+-+q"!

[15]. By convention, [0], = 0. In g-calculus, g-integers serve the role of ordinary integers
in classical calculus. Many fundamental concepts, such as the g-factorial and the g¢-binomial
coeflicients, are based on ¢-integers. They are defined by

n [n],!

(Kot = D2 [kl and () = ey

[15]. Kizilates et al. [20] introduced a new family of hybrid numbers defined via g-integers

and higher-order generalized Fibonacci numbers and established their comprehensive algebraic
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structure, deriving a Binet-like formula, novel identities, generating functions, and summation
properties. Yener and Emiroglu [36] introduced the g¢-analogues of fundamental concepts in
multiplicative calculus, establishing basic theorems for derivatives, integrals, and infinite products
within this framework. This framework extends to ¢-derivatives and ¢-integrals, creating a rich
language with deep applications in combinatorics, special functions, and quantum groups. In
recent decades, this language has been productively imported into linear algebra, giving rise to a
wide array of structured g-matrices. For instance, the g-analogue of the classical Pascal matrix
was introduced by Zheng [37]. Tuglu and Kusg [34] later defined ¢-Bernoulli and g¢-Bernoulli
polynomial matrices, investigating their properties. Other notable examples include the ¢-Catalan
matrix studied by Yaying et al. [35], and the ¢-distance and g-Laplacian matrices for trees, whose
algebraic properties were analyzed by Bapat et al. [2] and later extended to weighted trees by
Barik et al. [3]. Cheon et al. [5] generalized the concept of exponential Riordan matrices to
a g¢-setting. A more systematic approach to ¢-deformed matrix computation was presented by
Ernst [7], who subsequently developed related techniques for g-Appell, g-Bernoulli, and g-Euler
polynomials [8] and established connections among ¢-Cauchy, g-Bernoulli, and ¢-Euler matrices
[9]. Recently, Mersin [23] defined the g-derivative operator for matrix functions, introducing new
structures such as the g-matrix exponential function, g-binomial of two matrices, g-trigonometric
and g-hyperbolic matrix functions, and examined their fundamental properties in detail. Moreover,
the g-analogue of the Frank matrix, which is a special type of Max matrix, was defined, and some
of its properties are investigated, such as determinant, inverse, characteristic polynomials and
eigenvalues in [24]. For another generalization of the Frank matrix, called the r-Frank matrix, see
[30]. Further examples of g-analogues can be found in [18] on (p,q)-Chebyshev polynomials and

in [19] on g¢-Fibonacci and ¢-Lucas octonions.

The success of g-calculus in generating structured matrices naturally leads to a question:
can this powerful framework be applied to other fundamental matrix families, such as Min and
Max matrices?

Min and Max matrices, whose entries are given by the minimum and maximum of their row

and column indices, respectively, were introduced by Pélya and Szegé [29] as follows

1 1 1 1 1
1 2 2 - 2
. . oan 1 2 3 - 3 3
Amin = [mln(z’j)]i,j=1 = : : . : :
1 2 3 n-1 n-1
1 2 3 n—-1 n
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and
1 2 3 n-1 n
2 2 3 n-1 n
- 3 3 3 n-1 n
Amax = [max(zvj)]i,jel = : : : :
n-1 n-1 n-1 - n-1 n

Based on a real sequence {ax} with a; < as < ... < a,, the well-known generalizations A, =
n n . . .
[alllin(i7j)]ij:1 and Apax = [amaX(ivj)]ijﬂ have been introduced, and their properties such as

determinants, inverses, LU decompositions, eigenvalues, and norms have been studied [6, 16, 21,
25, 26]. Petroudi and Pirouz [12, 13] studied Min and Max matrices whose entries are taken
from the Fibonacci and Lucas sequences, and derived their properties in terms of these numbers.
Similarly, the characteristic polynomials, determinants, and inverses of Min and Max matrices with
entries from the hyper-Fibonacci and hyper-Lucas sequences were investigated in [27] and [32]. In
addition, certain norms of Min matrices with harmonic number entries can be found in [14]. Some
factorizations of generalized Min and Max matrices have been obtained by Kilig¢ and Arikan [16],
while the works of [33] and [21] also contain significant results related to Min and Max matrices.
Another generalization, the r-Min and r-Max matrices, was introduced by Kizilates and Terzioglu
[17], who examined their algebraic properties in detail. Further studies on the generalizations of
r-Min and r-Max matrices, and hence Min and Max matrices, can be found in [1, 4, 10, 22, 28, 31].

Motivated by the diverse generalizations of Min and Max matrices and the established
framework of g-calculus in matrix theory, we introduce their g-analogues. We derive explicit
formulas for their determinants, inverses, characteristic polynomials, and LU decompositions.
Furthermore, we investigate their Frobenius and spectral norms, establishing upper bounds via
Hadamard factorization. To ground our theoretical results, we include a numerical example for
low dimensions. Our work systematically extends the classical theory of Min and Max matrices into
the g-domain, offering a new family of structured matrices with explicitly computable properties.
Although the general framework of g-analogues has been applied to other matrices such as the
g-Frank matrix, the dense and symmetric structure of Min and Max matrices leads to significantly
simpler algebraic properties, including tridiagonal inverses and elementary LU decompositions.
These features distinguish the ¢-Min and g-Max matrices from previously studied g-matrices

such as the ¢-Frank matrix.

2. Preliminaries

The following definitions and results related to matrix norms and the Hadamard product can be

found in [11].
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Let AeC™™ and let A” denote its conjugate transpose.

The spectral norm of A is defined as

[Af2 = [ max Ai(AHA),

where \;(A A) are the eigenvalues of A7 A.

The Frobenius (Euclidean) norm of A is defined as

m n
JAlR = | X 2 lais 2.
i=1 ;-1

For any matrix A, the following inequality holds
|All2 < | Al p.

The maximum row length norm and maximum column length norm are given by

n m
_ 2 _ )2
r1(A) = max | j; lai;|?,  c1(A) g]agl\‘ ;Iaul :

The following inequality is known
[X oYz <ri(X)er(Y),

where X oY denotes the Hadamard product of X and Y, where X,Y ¢ C™*™.

3. Main Results

min

Definition 3.1 The matriz A9 = [[min(i,j)]q]jj:1 is called q-Min matriz whose explicit form

18

(1], [ [ [1]4 (114
[1]q [2]11 [2]q [2]q [Q]q

Al _ (1] (2] [3l¢ - [3]q [3]q
(g [2]¢ [38l¢ = [n-1]g [n-1],
(1], (2] [3]q [n-1]q [n]q
[1 1 1 1 1
1 1+¢ 1+gq 1+gq 1+gq

|1 1+g¢g l+q+q® - 1+q+q? L+q+q¢?

1 1+q 1+q+¢®> — 1+q+@®++q"% 1l+q+®+-+q"?2
(1 1+q 1+qg+¢® - 1+q+@P++q"2 1+qg+@®+-+q¢"!

For ¢ - 1 the ¢-Min matrix Afgi)n corresponds to the well-known Min matrix A., whose entries

n

are given by [min(i,7)]; ;_; -
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Theorem 3.2 The determinant of the matrix Aggi)n is calculated by the rule

det (Ax(;]i)n) = ;ﬁ q~.
-1

Proof We perform the column operations Cj1 « C;yq1 —C; fori=1,2,...,n—1, where C;

denotes the i-th column of the matrix. Then, we have

1], 0 0 0 0
[1]11 [Q]tz - [1]q 0 0 0
det (Afgi)n) _ (g [2]o-[1]g [3lq-12]4 0 0
1]q [z]q_[l]q [3]q_ [2]q [n_l]q_[n_Q]q 0
1y [2]¢-11]g [3]4-1[2]¢ [n-1]g-[n-2]; [n]g-[n-1],

min 7

Theorem 3.3 The inverse of the matriz AD denoted by R = [rij]?’jzl , has entries given by

1
1+>, i=j=1
q
1 .
_E7 j=t+1
1 .
—77 Z:j+1
q
K 1+ -
q ..
— i=7+1,n
qz—l
g1’ i=j=n
[0]4,  otherwise.

Proof The proof is done by induction on n. For n =2, we have

ik )

whose inverse is

11
w_|'""q T4
R2q - 1q 1q

qa q

The hypothesis holds for n = 2. Assuming the hypothesis holds for n — 1, we show that it also

holds for n. For this purpose, we partition the matrices Al(;fi)n and R? into block matrices as
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follows
q Qi Q12 o _ | R11 Rz
Afni)n:[Qm QQQ] and R )_[Rm Rzz]7
where
(1]g [1]g [l [1]q [1]4
(1]g [2]¢ [2]q (2] [2]q
on |00 B Bl - Bl Bl |
[, [2ly By = [n-2) -2,
[1]q [2]q [3]11 [”_2]q [”‘Hq
Qu=[(1l, [2l, [3, = [n-2], [n-11]",
Q21:[[1]q [2]q [3]11 [”_2]11 [”_1]4]7
and

Q22 = [[n]q] .

Note that, according to the assumption, Q34 equals the matrix R of order n—1. The equation

Qu Quf|Ru Riz|_|I 0
Q21 Q|| Ra1 Ra 0 Il

where I and 0 represent the appropriately sized identity and zero matrices, yields the following

results
- 1
Ras = (Q22 - Q21Q71 Q12) ' e [qn_l ]7
1 1

Ry = _R22Q21Q11 = [[0]11 [O]q [O]q _F],

117

R ==QilQufn=|0) [, 0l ~ | .

and
— 1 .
1+— - 0 0
+ p ql (0], (0],
1+-—
N 1
q q q 1
1 1+ -
Rii = Q1 - Q11 Q12R22Q21Q71 = | [0], 2 qTq = [0]g
: : 31

[0]11 [O]q [O]q _qn_g
1+ !
[0l, [0), [0], =
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Hence, we obtain

1+ = ! [0], [0]q [0] -
q ql
I
= =L ], [0
q q q
1+1
RO (o), - L e ol [0, |,
] q q :
1
1+a 1
[0]11 [O]Q [0]‘1 q71—2 _qn—l
[O]q [O]q [O]q - 1'7,1—1 n1—1
L q q ]

which completes the proof.

Theorem 3.4 The characteristic polynomial of the matriz Aﬁfi)n satisfies the recurrence relation

for n>2,
Po(N) = (" =20) Pt (V) = N2 Pa(N)

with initials Po(A\) =1 and Py(A\)=1- A

Proof To obtain the characteristic polynomial, we use the equality P, ()\) = |A§gi)n — M|, which
gives
[1]11 -A [”q [1]q [1]q [1]q
[1]11 [2]q -A [2]q [2]q [2]11
Pn()\) — [1]q [2.]q [3]q -A [3]q [3]q
[1]q [2]4 [3]q o [n-1]g-A [n-1],
(1] (2] (3] [n-1], [n]g = A
To compute this determinant, for ¢ =1,2,...,n—1, we subtract the ith column from the (i+1)th

column, and then subtract the ith row from the (¢ + 1)th row. This produces the following

determinant
[1]4-A A 0 0 0
A [2]0-[1]4-2) A 0 0
poy=| ¢ A (3]s - [2], - 2X (:) 0
0 0 0 [n-1]y-[n-2]y - 2A A
0 0 0 A [n]q—[n-1]q-2A

By expanding along the last row, we obtain

Pa(N) = ([n]y - [n- 1], = 20) Py (A) = 2P a(M),

which completes the proof.
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n

Theorem 3.5 The components of the LU decomposition of the matriz Ar(gi)n are L = [l;;], =1 and
U= [uij]?jzl , whose entries are given as follows
Lo [0]g, i<J
1] . .
71 @ 127
and
0l,, 2>7
Uij = [Z}f . j
¢t i<y
Proof The proof is obtained directly from the matrix multiplication Afgl)n LU. O

Theorem 3.6 For the matriz A(Q)

min ’

we have the following results.

(i) The Frobenius norm satisfies the formula

n
JAD =] S (20~ 1) [n+1-i]2,
=1

(i) The spectral norm has the upper bound

J AL | < \j (il [z’]ﬁ) (il [i]2 + 1).

Proof

(i) For the Frobenius norm of AW

min ?

we have

|A (Q)

Hlll'l

ﬁMz

Il
—

i [min(z, j)
n[ ] 3[n - ]q+5[n—2]3+~~+(2n—1)[1]3
:; (2i-1)[n+1-i]2

(ii) For the spectral norm of AI(I?i)n, we use the Hadamard product as
Air?l)n Al ° A27

where
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and

Then, we have

e (Ay) = é[i]g and e (Ap) = 2[i]§+[1]§.

Hence, the inequality

JAL 2 <71 (A1) ex (Az)

min

completes the proof.

Definition 3.7 The matriz

n

A, = [[max(i,)],]

i,7=1

is called the q-Max matrix. Its explicit form can be expressed as

[ [1]q (2]q [3]q w [n-1]g [n]q
[2]q [2]q [3]q o [n-1]g [n]q
Al (314 (34 (314 = [n-1]g  [n]g
[n-1]g [n-1]g [n-1]g - [n-1]; [n]
L [n]q [n]q [n]q [n]q [n]q
[ 1 1+gq 1+q+¢° o L4+ gV l4ge+ g™
1+gq 1+gq 1+q+¢> o T4+ gV LHg e+ g
B 1+q+¢> 1+q+¢> 1+q+¢> o THqgHF+g"? 1 gH g™
T+q++¢"2 14q++¢"2 14+qg++q"2 o 1aqg++q"2 1+qg+-+¢""
[1+g+ 4" Tag+e+g™ Tagtotg™ o 1agrotq™ 1agto+q™!

As g - 1, the ¢g-Max matrix A,(ffg)tx reduces to the well-known Max matrix A;.x, whose entries

n

are given by [max(i,j)]; ;-

Theorem 3.8 The determinant of Aﬁ?gx is given by
n-1
det (A0, = [n], T ~¢".
k=1
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Proof We perform the row operations R; « R; — R;x1 fori=1,2,...,n -1, where R; denotes

the i-th row of the matrix. Then, we obtain

(1], - [2], 0 0 0 0
(2] - [3]q (2] - [3]q 0 0 0
det (AI(I(lIg,X) _ [3]q _ [4]4 [3]q _ [4]4 [3]q _ (4], 0 0
[n-1]g-[n]y [n-1]g-[n]ly [n-1]g-[nlq [n-1], - [n], 0
[1n]q [1n]q [1n]g [n]q [n]q
= [l TT ()= [+ 1)
ki%
=[n], i _qk~

Theorem 3.9 The inverse of the matriz Ag‘f;x, denoted by Sl = [sij] , has entries characterized

as follows
1
-, i=j=1
q
1 .
— j=1+1
! i=j+1
g, Z—j+
54 = 1+1
q .
1 1=7+1,n
-1
_[Z _]q7 Z':j:n
q''[d]
[0]4 otherwise.

Proof The proof proceeds by induction on n. In the base case n = 2, the theorem is satisfied, as

1 1

o [ 2, N

Afnix‘[mq [2]q] and 5= {4
q q(g+1)

Assume the statement holds for n—1. To prove it for n, we apply the induction hypothesis to the

leading principal submatrix of order n — 1. For this purpose, we partition the matrices as follows

U U S S
A(Q) — 11 12 d S(q) _ 11 12
max [Um Uaa a So1 Saa|’
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where
[1]q [2]q [3]q [n-2]g [n-1]
[2]4 (2], [3]4 [n-2]; [n-1],
poo| Bl Bl Bl -2 -1l
(n-2), [n=2), [0-2], = [0-2], [n-1],
[n-1], [n-1]; [n-1]4 [n-1], [n-1],
Ul?z[[n]q [nlq [n]q [n]q [n]q]T’
U21:[[n]q [nlg [nlq [n]q [n]q]v
and

U22 = [[n]q] .

According to assumption, U;jl corresponds to the matrix S (@) of order n—1. For appropriately

sized identity matrix I and zero matrix 0, the equation
U U f[Su S| _|I O
U21 U22 SQl SQQ 0o I
yields the block matrices of S(9 as follows

— -1 n_]_
522: (U22_U21U111U12) = |:_|:]‘1:|’
q

qn—l[n]
1 1
521 :—522U21U11 :[[O]q [O]q [O]q qn_1:|a
1 T
Siy = -UilUssSa :[[o]q 0l, [0, - qn_l] ,
and
-1 1 S
- - [O]q [O]q
q ql
1 1+5 1
. (0],
q q q 1
1 1+-—
S11 :Ul_ll_Ul_llU]_QSQQUQlUl_ll = [O]q q—2 _qTq [OJq
[0l  [0] [0]q =
1+1
[0, [0, [0l -
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Hence, we obtain

'—é 3 [0], 0, [0, |
1+ 1
é - q% 0, [0,
1 1+ -
sO=|0 5 - qzq 0] [0],
| | 1+ 1 1
[0, [0l, [0l - qn,g pr=
o, [0, o], Lo -t
| qn 1 qn 1 [n]q ]

Theorem 3.10 For the characteristic polynomial of the matrix AS;QX, the following recurrence

relation holds
Gn(p) = ([n]g = 1) Pn-1 (1) = P2 (1),
where
Gn-1(11) = (=¢" 7" = 20) b2 () — 1 dp-3(p)

with initials ¢o(u) = Land ¢1(pn) = —q—2pu.

Proof Using the equality v, (u) = |A§{3§X - pI|, we have

[1](1 K [2]q [3]q [n 1]q [n]q
[2]q [2]q K [3]q [n l]q [n]q
Un(p) = [3.]q [3]q [3]11: TH [n— 1]q [n:]q
[n-1]g [n-1]; [n-1]g - [n-1];-p (1]
[n]q [n]q [n]q [n-1], [n]q - n

For i=1,2,...,n -1, performing R; « R; — R;;1 and C; « C; — C;,1 yields

[1]q = [2]q - 21 H 0 0 0
M [2]q - [3]4 - 20 M 0 0
() = 0 :u [3]q_[?]q_2ﬂ 0 0
0 0 0 [n—1]q = [n]q - 24 I
0 0 0 1t [n]q—n

We now expand the determinant along the last row, and then we obtain
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[11q - [2]q -2

u 0 0 0
Iz [2]q - [3]q — 21 " 0 0
Un(n) = (nlg - ) ? " (Bla = Tha =20 ? ?
0 0 0 [n-2]g-[n-1]g-2n ;L
0 0 0 u [n-1]q - [nlq-2n
[11q -[2]q - 2n w 0 0 o
P [2]q - [3]q - 21 P 0 0
» 0 u (8l - [41g ~24 - 0 o
0 0 0 “ In-2lg-[n-1lg-2u O
0 0 0 "

In the resulting expression, let the first determinant on the right-hand side be denoted by ¢,,-1 (1)

and the second one by X (p). When ¢,,_1(p) is expanded along the last row, we obtain

bn-1(n) =
[11q - [2]q - 2u “ 0 0 0
Iz [2]q - [38]g - 2n Iz 0 0
([n-11q - [n]q - 2) 0 i Blg =g —21 - 0 0
0 0 0 [n-38lg-[n-2]g-2u ,L
0 0 0 u [n-2]g-[n-1lqg -2u
[11q - [2]q - 21 u 0 0
Iz [2]q - [3]q — 21 W 0 0
o 0 i (8lg - (4l -2 - 0 o
0 0 0 v [n-8lg-[n-2]g-2u O
0 0 0

“w

In this case, the first determinant on the right-hand side is evidently ¢,-2(x). Expanding the
second determinant along the last column yields

¢n71(/ﬁ)

= ([n - 1]q - [n]q - 2#) qbnf?(ﬂ) - /‘2¢n73(/‘)
("' = 2u)pp—2(p) = (P Pn-3(11)

with initial conditions ¢¢(p) = land ¢1(u) = —¢ — 2u. Moreover, expanding X (u) along the last
column shows that it equals ¢,,_2(r). Hence,

V(1) = ([n]q = 1) 1 (1) — (1 Pra ().

m|
Theorem 3.11 For the matrixz Afﬁgx, let its LU decomposition be given by L = [lfj]gszl and
U= [u;j]?,]&l'

The entries of these matrices are characterized as follows

1], i=j=1
lZ*j = [[O.%lllﬁ ’L<J
ilg ..
T ? >]
[J]q
and
[j]qa - =1
liaa™ i
ur = [Z,_l.]ql
*J []]qqz_ .
. 9 Z<.]
[Z_l]q
(0], i>7
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Proof This result is obtained by verifying the equality AE;QX = LU through matrix multiplication.
[m]

Theorem 3.12 For the matriz Af;f.gx, the following hold

(i) The Frobenius norm satisfies the formula

1A 1 = | ‘ >.(2i-1)[]2,
i=1

(i) The spectral norm admits the upper bound

JAD, |2 < \/n[n]? ((n-1)[n]2 +1).

Proof

(i) For the Frobenius norm of the matrix AEI‘QX, we obtain

M&hziimmH>
gﬁ[][mw+mﬂm3

(ii) To obtain the upper bound for the spectral norm of the matrix Al(]ffg)m7 we consider the

Hadamard product

A@) —A* oA*

max

where
m, [0, [l [, [,
2, [2, [, (1, [,
aoo| Bl Bl Bl e [,
-1, [n-1], [n-1] [n-1], [1,
[”]q [”]q [”]q [”]q [”]q
and

Then, we obtain

r1 (A7) =/n[n]2, c1(A3) =/(n-1)[n]Z +1.
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It follows that
|ALD)

which completes the proof.

Next, we present an illustrative example.

max ”2 < rl(AI) Cl(Ag)v

Example 3.13 For n=5 and q =2, the matrices A!(I'fi)n and A,(ffgx are as follows
[1]2 [1]2 [1]e [1]e [1] 111 1 1
(12 [2]2 [2]2 [2]2 [2] 1 33 3 3
A? 1]y 21 [3l2 Bl: Bll=|1 37 7 7
(12 [2]2 [3]2 [4]2 [4] 1 37 15 15
(12 [2]2 [3]2 [4]2 [5] 1 3 7 15 31
and
[1]2 [2]2 [3]2 [4]2 [5)2 1 3 7 15 31
[2]2 [2]2 [3]2 [4]2 [5)2 3 3 7 15 31
A2 =([3]2 [3]2 [3]2 [4)2 [5l2|=|7 7 7 15 31.
[4]: [4]2 [4)2 [4]2 [5l2| |15 15 15 15 31
[5]2 [5]2 [5]2 [l [5)2] 131 31 31 31 31
Their determinants are
4
det (A$),) = T] 2 = 1024
k=1
and
4
det (AQ) ) = [5], [] -2" = 31744.
k=1
Their inverse matrices are
_ 1 -
g —35 0 0 0
111,
-1
(Al(‘fl)n) = 0 _1 § _1 0
4 81 38 1
LR
0 0 0 -- =
L 16 16
and
-1 1 i
-3 % 0 0 0
1 1
2 aog
-1 1 1
(Asr?;x) = 0 — —— — 0
4 18 83 1
0 0 3 —}—6 T
1
0 0 0 — -
L 16 496
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The characteristic polynomials of the matrices Affi)n for 2<n <5 are

Py(\) =A%2-4)1+2,
Ps(A) =-A3+11A%2 - 20\ +8,
Py(N) =Xt =263 + 12672 - 176\ + 64,

Ps(\) = -X% + 5701 - 648)3 + 23602 — 2944\ + 1024.

The characteristic polynomials of the matrices Aﬁ,iix for 2<n <5 are

Po(p) = p? —4p -6,
P3(p) = —p® +11p% + 764 + 56,
Ya(p) = pt —26p3 - 586u% — 1616 — 960,

Ys(p) = —p® +57u* + 36243 + 27656, u? + 58496 + 31744,

where

(bl(lj’) =-2- 2;“7

pa(p) =3p*+12u+8,

¢3(p) = —4p® —46p° — 112 - 64,

ba(p) = 5pt+ 14403 + 95242 + 1920 + 1024.

The LU decompositions of the matrices Ar(i)n and AEIQX are

1 000 OJf[L 1 1 1 1
1100 offo 2 2 2 2
AP —11 1 1 0 offo 0 4 4 4
1111 0|lo oo s 8
1111 1]lo o oo 16
and
1 0 o0 o0 o]t 3 7 15
3 1 0 0 ollo -6 -14 -30
7T 1 0 olloo o B 9
AR = 315 3 120
155710000_T
1 31 31

g 3L 3L 3Ly g g 0

"7 3 7 15 1L

The Frobenius norms of these matrices are

JA@) o =] D (20 - 1) [6-4]2 = 44.19
i=1

min

5
FASHTEN | (20— 1) []2 = 102.45.
i=1

The spectral norms of the matrices Affi)n and AS,?QX are

and

A

min

|2 = 43.24
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and

| AG, |12 = 97.25,

max

computed numerically using Maple. Now, we present the upper bounds for these spectral norms.

The matrices Ay and As according to Theorem 5.6 (ii) are

1 1 1 1 1 1 1 1 1 1
1 3 1 1 1 11 3 3 3
A=l1 3 7 1 1|, A=|1 117 7|
1 3 7 15 1 1 1 1 1 15
1 3 7 15 31 1111 1
Then
r(An) = | Y13 = VI25
i=1
and
4
c1(A2) =] DI[i]5 + 1 = V/285.
i=1
Hence,
1A |y <7y (Ar) e1(Az) ~ 595.67.
Also,
[ Al < 1A P = 44.19.
The matrices A} and Aj in Theorem 3.12 (ii) are
1 1 1 1 1 1 3 7 15 31
3 3 1 1 1 1 1 7 15 31
Ar=|7 7 7 1 1|, A;=|1 1 1 15 31|.
15 15 15 15 1 11 1 1 31
31 31 31 31 31 111 1 1
Then
r1(A7) =/5[5]3 = V4805
and
c1(A3) =\/4[5]3 +1 = /3845.
Hence,

HA(2) 2 <r1 (A7) c1(A5) ~ 4298.28.

max

In addition,

|AG ]2 < [ AG)

max

| & = 102.45.
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The numerical results for the spectral norms of Al(ji)n

and Af]ilx for n=2,3,4,5 are summarised
in Tables 1 and 2, respectively. The actual spectral norms and the Frobenius norms were computed

numerically using Maple.

Table 1: Actual spectral norms and upper bounds for HA(Q)

min H2

HA(Q) |2 (actual) | Upper bound (Theorem 3.6) ||A(2) |7

n min min

2 3.41 4.47 3.46
3 8.84 25.48 9.00
4 20.18 130.54 20.59
) 43.24 595.67 44.19

Table 2: Actual spectral norms and upper bounds for ||Ag§x 2

n | A%, (actual) | Upper bound (Theorem 3.12) | A, s
2 5.16 13.42 5.29

3 15.98 120.64 16.52
4 41.19 780.00 42.99
5 97.25 4298.28 102.45

The upper bounds in Tables 1 and 2, obtained from Theorems 3.6 and 3.12 respectively, are
very loose for the spectral norm, especially for larger n. In contrast, the Frobenius norm provides
a much sharper estimate, almost equal to the actual spectral norm. Thus, the Frobenius norm is
a much better practical upper bound. The numerical values also show that the upper bounds grow

rapidly with n, becoming increasingly loose.

Now, we compare the ¢g-Max matrix introduced in this paper with the ¢-Frank matrix, which is a

special type of Max matrix studied in [24].

3.1. Comparison with the g-Frank Matrix

The g-Frank matrix defined in [24] has a lower Hessenberg structure, while the ¢-Max matrix in-
n n-1
troduced in this paper is dense and symmetric. Their determinants are [] ¢"~* and [n], [](-¢"),
k=1 k=1
respectively. The inverse of the g-Frank matrix is upper Hessenberg, whereas the inverse of the
g-Max matrix is tridiagonal. Both matrices satisfy second-order recurrence relations for their
characteristic polynomials, but their explicit forms are different. These differences show that the

present work is not a mere repetition but a natural extension to a different family of g-matrices.

4. Conclusion

In this paper, we have introduced the g-analogues of Min and Max matrices by defining their
entries as [min(s,j)], and [max(i,j)],, the g-integers. Thereby, we have embedded these well-

studied matrix families into the richer framework of g-calculus. We have obtained explicit formulas
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for the determinants, inverses, characteristic polynomials, LU decompositions, Frobenius norms,
and spectral norm bounds of both matrices. A numerical example confirms the validity of the

formulas.
The results show that the g-analogues preserve the structural simplicity of the classical Min

and Max matrices, such as tridiagonal inverses and elementary LU factors, while introducing a
g-dependence that allows further flexibility. This demonstrates that Min and Max structure leads
to simpler algebraic properties compared to other g-matrices such as the ¢-Frank matrix, making
the ¢g-Min and ¢-Max matrices potentially useful in numerical linear algebra.

Future work includes a detailed spectral analysis and the investigation of sharper norm

bounds for these matrices.
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