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Abstract

In this paper, we investigate fixed point
approximation for mappings satisfying the Hardy-
Rogers-Suzuki-type condition in uniformly convex
hyperbolic spaces. By using a modified M-iteration
process, we establish A-convergence and strong
convergence results under suitable assumptions. An
example illustrating the applicability of the obtained
results is presented. The results extend and
complement several existing convergence theorems
for generalized nonexpansive mappings
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1. Introduction

Fixed-point theory has become an important
research area in nonlinear analysis, differential
equations, optimization, and many applied sciences.
The Banach contraction principle (Banach 1922) is
considered one of the fundamental results in this area.
Later, several generalizations of this principle were
introduced by Kannan (Kannan 1968), Chatterjea
(Chatterjeal972), Reich (Reich 1971), Hardy—Rogers
(Hardy and Rogers 1973), and Ciri¢ (Ciri¢ 1974).
These developments led to the study of broader classes
of mappings and different iterative methods.
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Unlike contractive mappings, nonexpansive
mappings do not always guarantee the existence of
fixed points. For this reason, fixed-point theory for
nonexpansive mappings has been studied under
additional geometric assumptions. Important existence
results were obtained by Browder (Browder 1965),
Gohde (Gohde 1965), and Kirk (Kirk 1965) in
uniformly convex Banach spaces. Later, the theory
was extended to nonlinear settings such as geodesic
spaces, hyperbolic spaces, and CAT (0) spaces. In this
direction, Takahashi (Takahashi 1970), Goebel and
Kirk (Goebel and Kirk 1983), and Kohlenbach
(Kohlenbach 2005) made significant contributions to
the development of fixed-point theory in nonlinear
geometric structures. Moreover, Kirk and Panyanak
(Kirk and Panyanak 2008) studied the notion of A4-
convergence in CAT(0) spaces and established several
convergence results analogous to weak convergence in
Banach spaces. Since then, many convergence results
for iterative methods in geodesic and CAT(0) spaces
have appeared in the literature (Dhompongsa et al.
2008), (Khan et al. 2011), (Leustean et al. 2010),
(Shukla et al. 2022).

Suzuki (Suzuki 2008) introduced Condition-(C),
which defines a class of mappings lying between
nonexpansive and quasi-nonexpansive mappings.
After this work, several generalizations of Condition-
(C) were proposed. In particular, Karapinar (Karapiar
2012) introduced the (RSC), (RCSC) and (HRSC)-
conditions as generalized versions of Suzuki-type
mappings and established some basic properties of
these mappings. In recent years, several iterative
approximation and convergence results for generalized
Suzuki-type mappings have been obtained in CAT (0)
and geodesic spaces (Temir 2025), (Saleem et al.
2023), (Shukla 2022).

Fixed point iteration processes are frequently
used to approximate fixed points of nonlinear
mappings. In 2018, Ullah and Arshad (Ullah and
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Arshad 2018) introduced the M-iteration process and
showed that this process has a faster convergence
behavior than several classical iteration methods.
Afterward, various studies investigated faster iterative
schemes and compared their numerical performance
(see, e.g., (Alagoz 2018), (Temir and Korkut 2021)).
These developments indicate the importance of
studying modified M-type iteration processes for
broader classes of generalized nonexpansive
mappings.

Motivated by these developments, in this paper
we study fixed-point approximation results for
mappings satisfying the (HRSC)-condition in suitable
geodesic spaces. Our aim is to investigate the
convergence behavior of the considered iterative
process and to extend some existing results in the
literature. The obtained results contribute to the study
of generalized Suzuki-type mappings in nonlinear
geometric settings.

2. Preliminaries

Let 2 # 2 € N where (N,d) is a metric space
and V: 2 — (2 is a self mapping, then a point p € 2 is
a fixed point of the mapping YV if ¥Yp = p. The set
F),ie.,FX) = {p € 2:Yp = p} denotes the set of
all fixed points of mapping Y.

Definition 2.1.

1. The mapping YV is called nonexpansive mapping
if for x,y € 2, we have

d(Yx,Yy) < d(x,y).

2. A self-mapping Y:02 — 2 is said to be quasi-
nonexpansive mapping if the set of fixed point
F(Y) + 2 and for all x € 2 and p € F(Y), we
have

d(Yx,p) < d(x,p).

3. (Suzuki 2008) Let 2 # @ S N where (IV, d) is a
metric space. Then Y: 2 — (2 satisfies Condition-
(C) if we have

1
Ed(x, Yx) <d(x,y) =d¥x,Yy) <d(x,y)

for each x,y € 0.

4. (Karapmar 2012) Let 2 # @ € N (metric space).
Then Y:0 —  satisfies Hardy-Rogers-Suzuki-
(C) condition ((HRSC)-condition) if

1
3 d(x,Yx) < d(x,y) implies that

< 1dxy) +d(x,x) +d(y, Yy)
-5 +d(Yx,y) +d(x,Yy)
forx,y € 0.

d(Yx,Yy)

Example 2.2. Let 2 = [0,2] with the usual metric
d(x,y) = |x — y|and define Y: 2 — 2 by

0 ifx€[0,2),
Y(x) =
@ ={ 1 ifx=2
Then F(Y) = {0}. We show that ¥ satisfies the
(HRSC)-condition.

Case 1.

Let x,y €[0,2). Then Y(x) =Y(y) =0 and
hence the required inequality is immediate.

Case 2.
Letx =2 andy € [0,2). If

1
5d(2Y(@) d@y),

then% <2—-y,s0y< % Therefore,

d(r2).v(y)) =1
and
1[d(2,y) +d¥(2),2) +d(y, Y (1))
51 +d¥(2),y) +d(2,Y®)
:%[5+ [1-yll=1
Thus the (HRSC)-condition holds.

Case 3.
Letx € [0,2)andy = 2. If

%d(x, Y(x)) <d(x,2),

theng <2—-x,50x < %. Hence,
dy(x),v() =1
and
1]d(x,2) + d(Y (x),x) + d(2,Y(2))
5| +dr(),2) +d(xY(2)

1
=§[5+|x—1|]21.
Therefore Y satisfies the (HRSC)-condition.
Moreover, Y does not satisfy the Condition-(C).
Indeed, forx = 2 and y = g, we have

1 1 3y 1
A2 Y@)=5<d (2‘5) -

d <y<2),y (;)) —1>d (2;)

Hence Y satisfies the (HRSC)-condition but does
not satisfy Condition-(C).
Remark 2.3. The previous example shows that there
exist mappings satisfying the (HRSC)-condition which
do not satisfy Condition-(C). Hence, the (HRSC)-
condition is a proper generalization of Condition-(C).

but
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Let (N,d) be a metric space and let [0,1] c R.
For two points x,y € N, a mapping &:[0,1] » N is
called a path joining x and { whenever £(0) = x and
&(1) = y. The path ¢ is said to be a geodesic if

d(f(s), f(t)) = d(f(O), f(l))ls —t|, forevery s, t
€ [0,1].

A metric space (IV, d) is called a geodesic space
if every pair of points in N can be joined by a geodesic
path. In general, the geodesic segment joining two
points need not be unique.

The following precise formulation of hyperbolic

spaces was introduced by Kohlenbach (Kohlenbach
2005).
Definition 2.4. (Kohlenbach 2005) Let (N,d) be a
metric space and the let W: N x N x [0,1] - N be a
mapping. Then the triplet (N,d, W) is called a W-
hyperbolic space if the following conditions hold for
allx,y,z,w € Nand u, 8 € [0,1]:

1. dzWkyw) <A -wd(zx) + ud(z,y);
2. d(W(x,y, 0, W(x,y,0) = |u—06ld(x,y);
3. Wkyuw)=WQx1-uw;
4. d(W(x,z0,W@,o0,w) < (1 -wdx,y) +
ud(z, w).
For simplicity, we use the notation
W(x,y,u) =1 —p)x ® uy

for a point in a W-hyperbolic space. For x,y € N, the
geodesic segment joining x and y is denoted by

[x,¢] = {1 —wx @ pud:p € [0,1]}

A subset 2 of W-hyperbolic space (N,d, W) is
called convex whenever [x,y] € 2 for every x,y € .
Definition 2.5. (Leustean 2010) A W -hyperbolic space
([\7 ,d, W) is called uniformly convex
(UCW —hyperbolic space) if for every € € (0,2] and
t >0, there exists & € (0,1] such that whenever
x,y,Z€ N satisfy d(x,z)<t, d(y,z) <t and
d(x,y) = et, then

d (%x (<) %y,z) < (1 -9t
Let {x;} be a bounded sequence in a hyperbolic
space (IV, d, W) and £ a nonempty subset of N. A
functional r(., {x;}): N = [0, +0) can be defined as
follows:

r(y, {xe}) = lilcmsur)d(y. Xk)-
—+00

The asymptotic radius of {x;} with respect to {2 is
described as

(2, {x;}) = inf{r(y, {x, }): y € 02}.
A point x in {2 is called as an asymptotic center of
{x;} with respect to £2 if

r(x, {x}) = r(2, {x;.}).

A(0,{x,}) is denoted as the set of all asymptotic
centers of {x; } with respect to .
Definition 2.6. (Sosov 2004) Let {x;} be a bounded
sequence in a W-hyperbolic space (IV, d, W). The
sequence {x; } is said to A-converge to a point x € N if
x is the unique asymptotic center of every subsequence
of {x;}.

Let (IV , d) be a W-hyperbolic space and let 2 <
N be nonempty. A sequence {x,} in N is called Fejér
monotone with respect to 2 if

d(, x41) < d(p,x;)

for every p € 2 and for all k > 0.
Definition 2.7. (Senter and Dotson 1974) Let Y: 2 —
£ be amapping with F(Y) # 2. We say that ¥ satisfies
Condition (I) if there exists a function f: [0, +00) —
[0, +00) such that:
1. f(@)>0forallr > 0andf(0) =0.
2. d(x,Y(x)) > f(d(x,.‘F(Y))) for every x € 0,

where

d(x,?-"(}’)) = inf{d(x,y):y € F(V)}.

Proposition 2.8. (Leustean 2010) Let (N,d, W) be a
complete UCW -hyperbolic space and let 2 be a
nonempty closed convex subset of N. Then every

bounded sequence in N admits a unique asymptotic
center with respect to (2.

Lemma 2.9. (Karapinar 2012) Let {2 be a nonempty
closed and convex subset of W-hyperbolic space
(N, d,w). If Y:0-0 satisfies the (HRSC)-
condition, then

d(p,Yy) <15d(Yp,p) + d(p,y)
forallp,y € 12

Remark 2.10. Substituting y = p with p € F(Y) into
the (HRSC)-condition and using Yp = p yields

1
d(Yx,p) < 3 [2d(x,p) + d(Yx,x) + d(Yx,p)].
Rearranging gives
4 1
gd(lfx, p) < < [2d(x,p) + d(Yx, x)].
Applying the triangle inequality d(¥Yx,x) <
d(Yx,p) + d(x,p) leads to

d(Yx,p) < d(x,p)

for all x €2 and p € F(Y). Hence Y is quasi-
nonexpansive. By induction, we therefore obtain

d(Y*x,p) < d(Y*'x,p) << d(Yx,p) < d(x,p)
for every integer k > 1.

Lemma 2.11. (Leustean 2010) Let {x, } be a bounded
sequence in a W-hyperbolic space (IV ,d, W) and
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assume A(Q, {x; }) = {z}. Let {r;, } and {s; } be two real
sequences such that 7, >0 for all k€N,
limsupy et <1 and limsupy_ .Sk < 0. Suppose
that y € 02 and there exist m, k, € N such that

A, Xpem) < 1cd (2, %) + 5ic
for every k = k. Then, y = z.
Lemma 2.12. (Ariza-Ruiz et al. 2014) Let {x;} be a
sequence in a W-hyperbolic space (IV, d, W) and let
N c N be nonempty. Assume that {x,} is Fejér
monotone with respect to 2. If A(Q, {x;}) = {x} and
A (IV, {xkj}) C N for every subsequence {xkj} of {x,},
then the sequence {x; } 4-converges to x € £.

Lemma 2.13. (Khan et al. 2012) Let (N,d, W) be a
complete UCW -hyperbolic space and let w € N.
Assume that {a,} < (0,1) satisfies 0 < a < q; <
B < 1forall k € N. Let {x; } and {; } be sequences in
N such that, for some r = 0,

limsupd (x, w) < r, limsupd (yy, w)

k—+00 k—+o0
< rand kliI-P d(ayx
P A—-ayx,w)=r.
Then, limk_,+ood(yk,xk) = 0.
3. Main Results

In 2018, Ullah and Arshad (Ullah and Arshad
2018) introduced a three step iterative process called
the M-iteration process. Let B be a Banach space and
let £2 be a nonempty convex subset of B. For a mapping
Y:0 - (1, the M-iteration process is defined by

X, €M)

Xev1 = YVi

Y =Yz

Z, = (1 — a)x, + a Yx,,

€y

where {a,,} is a sequence in [0,1] for k = 0.
The above iteration process can be adapted to the
setting of geodesic spaces. Let (ﬁ, d, W) be a W-
hyperbolic space and let 2 be a nonempty convex
subset of N. For a mapping Y: 2 — 2, we consider the
following modified M -iteration process:
X, EN
Xier1 = VP (2)
Y = Y[(1 = a)x © aY*x ],

where {a,} is a sequence in [0,1] for k = 0.

Lemma 3.1. Let (N,d,W) be a complete UCW-
hyperbolic space and let {2 be a nonempty closed
convex subset of N. Assume that ¥:02 — (2 satisfies
(HRSC)-condition and that F(Y') # 2. Let {x; } be the
sequence generated by the iteration process (2), where
ay € [a, B] for some a, B € (0,1). Then, the following
results hold:

1. limg,,d(xy, p) exists for all p € F(Y).
2. limyy0d(x, Y(x)) = 0.
Proof.

1. Let p € F(Y). By the convexity of the metric
combination and applying the induction-bound
from the Remark 2.10 (so that d(Y*x,p) <
d(Yx,p) < d(x,p) forall k = 1), we obtain

dy,p) = d(Y*[(1 — a)x @ aY*x, ], p)
< d((l — ap)x, @ akykxk:p)
< (1 = a)d(xy, p) + ad (Y, p)
< (1 - a)d(x, p) + ad(Yxy, p)
< (1= @ )d(x, p) + ad(xy, p)
= d(x, p)- (3)

Using the quasi-nonexpansive property and the
inequality (3), we have

d(xgs1,0) = dX*y, p)
<d(yrp) 4
< d(xg, p).
Therefore, the sequence {d(x;,p)} is monotone

nonincreasing and bounded. Hence, lim,,_, ,d (X, p)
exists for all p € F(Y).

2. Assume that,
kl_l)r{lood(xk,p) =h>0.
By (i), we get

d(i,p) < d(xy, p)
and taking limsup on both sides, we have

lim supd (yy, p) < lim supd(x,, p) = h. (5)
From inequality (4), we know that

d(Xp+1,0) < AV, P)-
Taking liminf on both sides, we get

h= ,lim infd (x41,p) < Ilim infd (yy, p)- (6)
Using inequalities (5) and (6), we have
limd(y,p) = h

From the foregoing inequality and the quasi-
nonexpansive property in the Remark 2.10, we also
have

h = limd(y, p)
= limd(Y*[(1 - @i)xe © @Y %] p)
< Ili_r)gd((l — )% D a Y x,,p)
< Ili_{g[(l — a)d(x, p) + a, d(Y*x,, p)]
< 111_{130[(1 — a;)d(xy, p) + @ d(Yxy, p)] (7)
< ]li_f){)lo[(l — a;)d(xy, p) + ad(xy, p)]
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= limd(x, p)
=h.

Therefore, from the line (7) in the inequality
above,

Ilim d((l —a)x, D akak,p) =h.
Using Lemma 2.13, we obtain
kl_l)rilmd(xk,)/(xk)) = 0.
O

We now establish the A-convergence result for
mappings satisfying the (HRSC)-condition in
complete UCW -hyperbolic spaces.

Theorem 3.2. Let N, 2,Y, and {x;} be as in Lemma
3.1. Then, the sequence {x; } A-converges to a point in
F).

Proof. Proof. By Lemma 3.1, the sequence {d (x;, z1)}
is nonincreasing for every z' € F(¥). Hence {x} is
Fejér monotone with respect to F(Y). Since F(Y) is
closed and convex (Karapinar 2012), Proposition 2.8
guarantees that {x; } admits a unique asymptotic center

w’ with respect to F(¥). Let {xkj} be an arbitrary
subsequence of {x}. Again by Proposition 2.8, the
sequence {xkj} has a unique asymptotic center p* with
respect to F(¥). Now,

d (xkj,YpT) <d (Yxkj,lfp*) +d (Yxkj,xk}.)
d (xkf’ er) +d (Yxkf’ xki)
<l+d LYpH) +d (Y., pt
< ¢|+d@"Yph (rxi,0?)
+d (xk]., YpT)
+d (}’xkj,xkj)
3d (xk].,p*) +2d (Yxk}.,xkj)
+2d (xk].,Yp*)

+d (}’xkj, xkj)

1
S_
5

and thus, we have
7
T t —
d (xk]., Yp ) <d (xk].,p ) + 3 d (Yxkj,xkj).
Using Lemma 3.1 (ii) together with Lemma 2.11,
we obtain Y (pT) = pt. Therefore pt e F().

Applying Lemma 2.12, it follows that the sequence
{xx} A-converges to a point of F(¥). O

Next, we prove a strong convergence result in the
compact setting.
Theorem 3.3. Let (N,d, W) be a complete UCW -
hyperbolic space and 2 # @ is a closed convex and
compact subset of N. Let Y: 2 = (2 be a self mapping

satisfying (HRSC)-condition and F(Y") # @. Then the
sequence {x; } defined by (2) strongly converges to a
fixed point of V.

Proof. Proof. From Lemma 3.1,
limy, 0 d (%, Y (;)) = 0.Since 2 is compact, {x;}
has a subsequence {xk].} such that {xkj} converges
strongly to p € 1.

Using Lemma 2.9, we have

d (xkj, Yp) < 15d (xkj, Yxkj) +d (xkj,p).
Taking limit as j — oo, we obtain that the
sequence {xkj} converges to Yp,so Yp=pie,p€

F(). Lemma 3.1 suggests that limy_,d(xy,p)
exists. Therefore, the sequence {x; } converges to p. O

Finally, we establish a strong convergence
theorem under Condition (I).

Theorem 3.4. Let N,0,Y, and {x,} be same as in
Lemma 3.1. If the mapping ¥ has Condition (I), then
the sequence {x;} strongly converges to a point in
F).

Proof. Proof. By Lemma 3.1, the sequences
{d(xy,z")} are monotone nonincreasing for all z' €
F(Y). Thus, the sequence {d (xk, F (Y))} is monotone
nonincreasing. Hence, limk_>+ood(xk,}"(lf)) exists.
From Lemma 3.1,

kl_i)rpwd(xk,l/(xk)) =0 (8)
Since Y satisfies Condition (1),
d(x, Y (%)) = F (d(xk,T(Y)))
From (8), lim o (d(xe F())) =0 and
hence
Jim d(xe, F(X)) = 0. (9

Now, one can verify that the sequence {x;} is
Cauchy. For a given € > 0, from (9), there exists a
ko € N such that for all k > k,

€
d(x,, F(N)) < 7
and
€
inf{d(xko,zf): ZteF(N)} < 7
and there exists zt € F(¥) such that
€
d(x,, 2%) < >
Therefore, for all m, k > k,,

d(xk+m! xk) < d(xk+m! ZT) +€(i(z1-ﬂxk)
< 2d(xy,,2z") < 25=¢

and thus, the sequence {x,} is Cauchy. By the
closedness of the set £2 in complete UCW -hyperbolic
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space N, the sequence {x,} converges to a point p €
. Moreover, since limk_,+ood(xk,5‘-”(}’)) =0, we
obtain d(p,T (Y)) = 0. Since F() is closed, it
follows that p € F(Y). Thus, p = Y (p). Therefore, the
sequence {x,} strongly converges to a point in
F().O

The following example illustrates the
applicability of Theorem 3.3 to mappings satisfying
the (HRSC)-condition which are not necessarily
mappings satisfying Condition-(C).
Example 3.5. Let N = N be endowed with the usual
metric d(x,y) = |x — y| and let 2 = [0,10]. Since N
isa CAT(0) space and 2 is a nonempty closed convex
compact subset of N, (2 is a complete UCW -hyperbolic
space with the usual convex structure

W(,y,u) =1 —wx @ uy, forallx,y € 0, u
€ [0,1].
Define Y: 02 - 2 by
6 if x = 10,
Y = x+ 4
@ =) X+ 210
Clearly, Y () € 2. Moreover, F(Y¥) = {%}
Indeed, if x # 10, then Y'(x) = x gives
x+4_
yaa
and hence x = g. Also, Y (10) = 6 # 10.
We now show that Y satisfies the (HRSC)-

condition. Let x,y € 2. We consider the following
cases:

Case 1.
Let x,y € [0,10). Then Y'(x) = %, Y(y) = yTH and

hence

X,

1
YC) =Yl =Zlx =yl

Moreover,
X =YWl +ly-Y@| =|(x-Y®»)+(y-rw®)|
_ y+4 x+4
e
5
=—lx =yl

4
Therefore, we obtain

lx =yl + |x =Y (x)|

1
[Ty YO+ IYC) -yl =g

[x =yl + [V (x) — yl]
> +x - Y()l

+lx =Yl

>ﬂ| 12 ﬂ
2e|lx—yl+ lx—y

9
=%|X—Y|
>y
4
- Y () - YO

Hence, the (HRSC)-condition holds in this case.
Case 2.
Let x =10 and y €[0,10). Assume that %lx -

Y(x)| < |x —y|.Sincex = 10 and Y (10) = 6, we get
2 <10 —y, and hence y < 8.

For y € [0,8], it is easy to see that
[3y — 4| + 4|6 —y| = 8.
Therefore, we obtain

3y—4
110 — y| + |10 — Y(10)] . 10_y+4+%
<[+ = YOI+ a0 -yl =< 6
+[10 =Y ()| +16 —y| + Z
_i[76—5y+|3y—4|]
© 20 +4|6 — y|
1
>_—[76 —
_20[ 6 — 5y + 8]
_ 845y
20
20 —
S 20~y
4
=[Y(10) =Y )l
Thus the (HRSC)-condition holds.
Case 3.

Let x €[0,10) and y = 10. Assume that %lx—
Y(x)| < |x — 10|. That is,

1 x+ 4] |3x —4|
§|x— 2 |= P <10 —x.
This implies x < > < 8.
Now
x+4 20 —x
|Y(x)—Y(1O)|:|T—6|: =

Moreover, for x € [0,%], we have
[3x — 4| + 4|x — 6] = 8.
Therefore, we obtain
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10 — x

3x—4

[x — 10| + |[x — Y (x)| 1 +| 7 |
§+|10—Y(10)|+|Y(x)—10| =§ 36 — x
+|x =Y (10)] +4 + 2
+|x — 6]

76 — 5x

—|+]3x — 4]

+4|x — 6|

1
%[76 5x + 8]
84 — 5x

20
20 —x
=
4
= |V (x) —Y(10)].
Thus, the (HRSC)-condition holds in this case.

Therefore, Y satisfies the (HRSC)-condition on
0.

Moreover, Y does not satisfy the Condition-(C).
Indeed, take x = 7 and y = 10, we have

1 7+4) 17
Sh—Y@)] = |7——=?<3=|x—y|.
However,
11 13
Y(x) =Yl = -4 ° =T>3=Ix—yl-

Hence Y satisfies the (HRSC)-condition but does
not satisfy Condition-(C).

Since 2 is closed, convex and compact, and
F() =+ @ all assumptions of Theorem 3.3 are
satisfied. Therefore, the sequence {x;} generated by
the iterative process (2) strongly converges to the fixed

oint 2
p 3
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  + d  ( 𝛶   x    k  j ,   x    k  j )


  + d  ( 𝛶   x    k  j ,   x    k  j )


  d  (   x    k  j , 𝛶   𝜌 † ) ≤ d  (   x    k  j ,   𝜌 † ) +  7 3 d  ( 𝛶   x    k  j ,   x    k  j ) .


  𝛶  (   𝜌 † ) =   𝜌 †


    𝜌 † ∈


  ℱ  ( 𝛶 )


   {   x  k }


  𝛥


  ℱ  ( 𝛶 )


   (   N ~ , d , W )


  U C W


  𝛺 ≠ ⌀


    N ~


  𝛶 : 𝛺 → 𝛺


   ( H R S C )


  ℱ  ( 𝛶 ) ≠ ⌀


   {   x  k }


  𝛶 .


   lim  k → + ∞ d  (   x  k , 𝛶  (   x  k ) ) = 0 .


  𝛺


   {   x  k }


   {   x    k  j }


   {   x    k  j }


  p ∈ 𝛺


  d  (   x    k  j , 𝛶 p ) ≤ 15 d  (   x    k  j , 𝛶   x    k  j ) + d  (   x    k  j , p ) .


  j → ∞


   {   x    k  j }


  𝛶 p


  𝛶 p = p


  p ∈ ℱ  ( 𝛶 )


   lim  k → + ∞ d  (   x  k , p )


   {   x  k }


  p


   ( I )


    N ~ , 𝛺 , 𝛶


   {   x  k }


  𝛶


   ( I )


   {   x  k }


  ℱ  ( 𝛶 )


   { d  (   x  k ,   z † ) }


    z † ∈ ℱ  ( 𝛶 )


   { d  (   x  k , ℱ  ( 𝛶 ) ) }


   lim  k → + ∞ d  (   x  k , ℱ  ( 𝛶 ) )


      lim  k → + ∞ d  (   x  k , 𝛶  (   x  k ) ) = 0           #  ( 8 )


  𝛶


   ( I )


  d  (   x  k , 𝛶  (   x  k ) ) ≥ ℱ  ( d  (   x  k , ℱ  ( 𝛶 ) ) )


   lim  k → + ∞ ℱ  ( d  (   x  k , ℱ  ( 𝛶 ) ) ) = 0


      lim  k → + ∞ d  (   x  k , ℱ  ( 𝛶 ) ) = 0 .           #  ( 9 )


   {   x  k }


  𝜀 > 0


    k 0 ∈ ℕ


  k ≥   k 0


  d  (   x  k , ℱ  ( 𝛶 ) ) <   𝜀 4


  inf  { d  (   x    k 0 ,   z † ) :   z † ∈ ℱ  ( 𝛶 ) } <   𝜀 4 ,


    z † ∈ ℱ  ( 𝛶 )


  d  (   x    k 0 ,   z † ) <   𝜀 2 .


  m , k ≥   k 0


  d  (   x  k + m ,   x  k ) ≤ d  (   x  k + m ,   z † ) + d  (   z † ,   x  k ) ≤ 2 d  (   x    k 0 ,   z † ) < 2   𝜀 2 = 𝜀 ,


   {   x  k }


  𝛺


  U C W


    N ~


   {   x  k }


  p ∈ 𝛺


   lim  k → + ∞ d  (   x  k , ℱ  ( 𝛶 ) ) = 0


  d  ( p , ℱ  ( 𝛶 ) ) = 0


  ℱ  ( 𝛶 )


  p ∈ ℱ  ( 𝛶 ) .


  p = 𝛶  ( p ) .


   {   x  k }


  ℱ  ( 𝛶 )


   ( H R S C )


   ( C )


    N ~ = ℕ


  d  ( x , y ) =  | x − y |


  𝛺 =  [ 0 , 10 ]


  ℕ


  C A T  ( 0 )


  𝛺


  ℕ


  𝛺


  U C W


  W  ( x , y , 𝜇 ) =  ( 1 − 𝜇 ) x ⊕ 𝜇 y , for all  x , y ∈ 𝛺 ,   𝜇 ∈ [ 0 , 1 ] .


  𝛶 : 𝛺 → 𝛺


  𝛶  ( x ) =  {    6        if  x = 10 ,       x + 4 4       if  x ≠ / 10 .     


  𝛶  ( 𝛺 ) ⊆ 𝛺 .


  ℱ  ( 𝛶 ) =  {  4 3 } .


  x ≠ 10 ,


  𝛶  ( x ) = x


    x + 4 4 = x ,


  x =  4 3 .


  𝛶  ( 10 ) = 6 ≠ 10 .


  𝛶


   ( H R S C )


  x , y ∈ 𝛺 .


  x , y ∈ [ 0 , 10 )


  𝛶  ( x ) =   x + 4 4


  𝛶  ( y ) =   y + 4 4


   | 𝛶  ( x ) − 𝛶  ( y ) | =  1 4  | x − y | .


      | x − 𝛶  ( y ) | +  | y − 𝛶  ( x ) |  ≥  |  ( x − 𝛶  ( y ) ) +  ( y − 𝛶  ( x ) ) |    =  | x −   y + 4 4 − y +   x + 4 4 |    =  5 4  | x − y | .


      1 5  [     | x − y | +  | x − 𝛶  ( x ) |   +  | y − 𝛶  ( y ) | +  | 𝛶  ( x ) − y |   +  | x − 𝛶  ( y ) | ]  ≥  1 5  [     | x − y | +  | 𝛶  ( x ) − y |   +  | x − 𝛶  ( y ) | ]    ≥  1 5  [  | x − y | +  5 4  | x − y | ]    =  9 20  | x − y |    ≥  1 4  | x − y |    =  | 𝛶  ( x ) − 𝛶  ( y ) | .


   ( H R S C )


  x = 10


  y ∈ [ 0 , 10 )


   1 2  | x − 𝛶  ( x ) | ≤  | x − y | .


  x = 10


  𝛶  ( 10 ) = 6


  2 ≤ 10 − y ,


  y ≤ 8 .


  y ∈ [ 0 , 8 ]


   | 3 y − 4 | + 4  | 6 − y | ≥ 8 .


      1 5  [     | 10 − y | +  | 10 − 𝛶  ( 10 ) |   +  | y − 𝛶  ( y ) | +  | 𝛶  ( 10 ) − y |   +  | 10 − 𝛶  ( y ) | ]  =  1 5  [    10 − y + 4 +    | 3 y − 4 | 4   +  | 6 − y | +   36 − y 4 ]    =  1 20  [    76 − 5 y +  | 3 y − 4 |   + 4  | 6 − y | ]    ≥  1 20  [ 76 − 5 y + 8 ]    =   84 − 5 y 20    ≥   20 − y 4    =  | 𝛶  ( 10 ) − 𝛶  ( y ) | .


   ( H R S C )


  x ∈ [ 0 , 10 )


  y = 10


   1 2  | x − 𝛶  ( x ) | ≤  | x − 10 | .


   1 2  | x −   x + 4 4 | =    | 3 x − 4 | 8 ≤ 10 − x .


  x ≤  84 11 < 8 .


   | 𝛶  ( x ) − 𝛶  ( 10 ) | =  |   x + 4 4 − 6 | =   20 − x 4 .


  x ∈ [ 0 ,  84 11 ]


   | 3 x − 4 | + 4  | x − 6 | ≥ 8 .


      1 5  [     | x − 10 | +  | x − 𝛶  ( x ) |   +  | 10 − 𝛶  ( 10 ) | +  | 𝛶  ( x ) − 10 |   +  | x − 𝛶  ( 10 ) | ]  =  1 5  [    10 − x   +    | 3 x − 4 | 4   + 4 +   36 − x 4   +  | x − 6 | ]    =  1 20  [    76 − 5 x   +  | 3 x − 4 |   + 4  | x − 6 | ]    ≥  1 20  [ 76 − 5 x + 8 ]    =   84 − 5 x 20    ≥   20 − x 4    =  | 𝛶  ( x ) − 𝛶  ( 10 ) | .


   ( H R S C )


  𝛶


   ( H R S C )


  𝛺


  𝛶


   ( C )


  x = 7


  y = 10 ,


   1 2  | x − 𝛶  ( x ) | =  1 2  | 7 −   7 + 4 2 | =  17 8 < 3 =  | x − y | .


   | 𝛶  ( x ) − 𝛶  ( y ) | =  |  11 4 − 6 | =  13 4 > 3 =  | x − y | .


  𝛶


   ( H R S C )


   ( C )


  𝛺


  ℱ  ( 𝛶 ) ≠ ∅


   {   x  k }


   4 3

