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Abstract

In this study, we introduce screen generic transversal lightlike submanifolds of indefinite
Kaehler manifolds. We show that this new class is an umbrella of invariant (complex),
screen real, SCR, radical ST and ST anti-invariant lightlike submanifolds. We investigate
the integrability of various distributions and prove a characterization theorem of such
lightlike submanifolds in a complex space form. We obtain new conditions for the induced
connection to be a metric connection and we find some necessary and sufficient conditions
for minimal screen generic transversal lightlike submanifolds. Moreover, we provide some
examples of screen generic transversal lightlike submanifold and minimal screen generic
transversal lightlike submanifold of an indefinite Kaehler manifold.
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1. Introduction and preliminaries

In differential geometry, K. L. Duggal-A. Bejancu [5] and K. L. Duggal and B. Sahin [7]
initiated the geometry of lightlike submanifolds of semi-Riemannian manifolds. This kind
of submanifolds are different than non-degenerate submanifolds. Due to the difference
of lightlike submanifolds, the study of lightlike submanifolds becomes more difficult and
interesting from the study of non-degenerate submanifolds.

Let (M, g) be a real (m 4 n)—dimensional semi-Riemannian manifold of constant index
q, such that myn > 1,1 <qg<m+n—1and (M, g) be an m—dimensional submanifold of
(M, g), where g is the induced metric of g on M. If g is degenerate on the tangent bundle
TM of M then M is named a lightlike submanifold of (M, g). For a degenerate metric g
on M

TM* :u{u € T, M : g(u,v) = 0,Yv € T, M,z € M}

is a degenerate n—dimensional subspace of T,M. Hence, both T,M and T,M~+ are
degenerate orthogonal subspaces but no longer complementary. Thus, there exists a sub-
space Rad(T,M) = T,M N T,M~* which is known as radical (null) space. If the mapping
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Rad(TM) : x € M — Rad(T,M), defines a smooth distribution, named radical distri-
bution on M of rank r > 0 then the submanifold M of (M, g) is named an r—lightlike
submanifold.

Let S (T'M) be a screen distribution which is a semi-Riemannian complementary dis-
tribution of Rad(T'M) in TM. This means that

TM = S (TM) LRad (T M) (1.1)

and S(TM*) is a complementary vector subbundle to Rad(TM) in TM*. Let tr (T'M)
and ltr (T'M) be complementary (but not orthogonal) vector bundles to TM in T'M|,, and
Rad(TM) in S(T M=)+, respectively. Then, we have

tr (TM) = ltr (TM) LS(TM™), (1.2)

TM |y=TM & tr (TM) = {Rad(TM) & ltr(TM)} LS(TM)LS(TM*Y).  (1.3)

By taking into account the definition of lightlike submanifolds, we have the following dif-
ferent types of lightlike submanifolds; CR-lightlike submanifolds [5], contact CR-lightlike
submanifolds [10], screen Cauchy-Riemann (SCR)-lightlike submanifolds [8], contact SCR-
lightlike submanifolds [10], generalized Cauchy-Riemann (GCR)-lightlike submanifolds
[9, 11], screen transversal lightlike submanifolds [23, 24], generic lightlike submanifolds
[16], screen generic lightlike submanifolds [3, 12, 21], generalized screen generic lightlike
submanifolds [22]. More studies for this kind of submanifolds see also: [2,13-15,17-20].

The purpose of the present paper is to introduce generalized screen generic transversal
lightlike submanifolds of indefinite Kaehler manifolds. We show that this new class is
an umbrella of invariant (complex), screen real, SCR, radical ST and ST anti-invariant
lightlike submanifolds.

The paper is organized as follows: In Section 2, we introduce screen generic transversal
lightlike submanifolds of indefinite Kaehler manifolds. We show that this new class is
an umbrella of invariant (complex), screen real, SCR, radical ST and ST anti-invariant
lightlike submanifolds and give an non-trival example for the existence of the new sub-
manifolds. Moreover, we investigate the integrability of various distributions and prove
a characterization theorem of such lightlike submanifolds in a complex space form and
obtain new conditions for the induced connection to be a metric connection. In section
3, we find some necessary and sufficient conditions for minimal screen generic transver-
sal lightlike submanifolds. Moreover, we provide an example for minimal screen generic
transversal lightlike submanifold of an indefinite Kaehler manifold.

Now, we are going to mention some theorems and notions which will be used for next
sections.

Theorem 1.1 ([4]). Let (M, g,S(TM), S(TM™)) be an r—lightlike submanifold of a semi-

Riemannian manifold (M, g). Suppose U is a coordinate neighbourhood of M and &;, j €
{1,..,7} is a basis of I'(Rad (T'M), ). Then, there exist a complementary vector subbundle

d(TM),,
ltr (TM) of Rad(TM) in S(TMJ-)‘J[-J and a basis {N;}, i € {1,..,r} of I(ltr (T M),,) such
that
g(Ni, &) =0i,  g(Ni,Nj) =0 (1.4)

for anyi,j € {1,.,r}.

We say that a submanifold (M, g, S(TM),S(TM™)) of (M,g) is

Case 1: r—lightlike if » < min {m,n},

Case 2: Coisotropic if r =n <m, S (TMl) = {0},

Case 3: Isotropic if r =m <n, S(TM) = {0},

Case 4: Totally lightlike if 7 = m = n, S (TM) = {0} = S(TM™).
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Let V be the Levi-Civita connection on (M, g). Then, using (1.3), we have

VxY = VxY +hX,Y), (1.

1.5)
VxN = —AgX + VLN, (1

)
.6)
for any X, € T(TM) and N € D(tr (T'M)), where {VxY, Ay X} and {A(X,Y), VN }
belong to I'(T'M) and T'(tr (T'M)), respectively. V and V* are linear connections on M and
on the vector bundle tr (T'M), respectively. According to (1.2), considering the projection

morphisms L and S of tr (T M) on ltr (TM) and S(T M), respectively, (1.5) and (1.6)
become

VxY = VxY +h(X,Y)+hrX,Y), (1.7)
VxN = —AxyX+ V5N +D*(X,N), (1.8)
VxW = —AwX + VW + DX, W), (1.9)

for any X,Y € I'(TM), N € T(ltr (TM)) and W € T'(S(TM%)), where h!(X,Y) =
Lh(X,Y), h*(X,Y) = Sh(X,Y), VxY,AnX, AwX € [(TM), V5 W,D*(X,N) € T'((STM*1))
and V&N, DY(X,W) € I'(itr (TM)). Hence, using (1.7)-(1.9) and letting into account
that V is a metric connection we derive

g(R*(X,Y), W)+ g(Y,D(X,W)) = g(AwX,Y), (1.10)
g(D*(X,N),W) = g(AwX,N), (1.11)
g(B'(X,Y),&) + (Y, h'(X,€) + g(Y,Vx&) = 0. (1.12)

Let @ be a projection of TM on S(T'M). Thus, using (1.1) we obtain

VxQY = V%QY +h*(X,QY), (1.13)
Vx€ = —A{X 4+ V¥, (1.14)

forany X,Y € T(TM)and £ € T(Rad(TM)), where {V5QY, A X } and {h*(X,QY), V¥£}
belong to I'(S (T'M)) and I'(Rad (T'M)), respectively.
Using the equations given above, we derive

g(h(X,QY),&) = g(AiX,QY), (1.15)
g(P*(X,QY),N) = g(AnNX,QY), (1.16)
g(h'(X,€),6) = 0, Ag&=0. (1.17)

Generally, V on M is not metric connection. Since V is a metric connection, from (1.7),
we obtain

(VXQ)(K Z) = g(hl(X,Y),Z) +§(hl(X7 Z),Y).

However, it is important to note that V* is a metric connection on S(TM). We denote
curvature tensor of a lightlike submanifold by R, then the Gauss equation for lightlike
submanifolds is given by

R(X,Y)Z

ROX,Y)Z + Aix.0Y — Ay + Aneez)Y

— ApsivzX + (Vxh)(Y,Z) — (Vyh')(X, Z)

DX, h*(Y, Z)) — D'(Y,h*(X, Z))

(Vxh*)(Y, Z) = (Vyh*)(X, Z)

D*(X, WY, 2)) - D*(Y,h\(X, Z)) (1.18)

+ o+ +

for any X,Y,Z e I'(TM).
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Theorem 1.2. Let M be an r—lightlike submanifold of a semi-Riemannian manifold M.
Then V is a metric connection iff Rad(T'M) is a parallel distribution with respect to V

[4]-

Definition 1.3. A lightlike submanifold (M, g) of a semi-Riemannian manifold (M, )
is said to be totally umbilical in M if there is a smooth transversal vector field H €
L(tr(TM)) on M, called the transversal curvature vector field of M, such that

MX,Y)=Hg(X,Y) (1.19)
for any X, Y € I'(T'M). In case H = 0, M is called totally geodesic [6].

Using (1.7) and (1.19) it is easy to see that M is totally umbilical iff on each coordinate
neighborhood U there exists smooth vector fields H' € T'(itr (TM)) and H* € T'((STM™))
such that

RY(X,Y) = g(X,Y)H!, h*(X,Y) = g(X,Y)H® and D'(X, W) =0 (1.20)

for any X,Y € I'(TM) and W € T'((STM™)).

Now, we recall some basic definitions of indefinite Kihler manifolds. Let (M,g) be a
2k-dimensional semi-Riemannian manifold and the constant index of g be ¢, 0 < ¢ < 2k.
An almost complex structure J on M is a tensor field of type (1,1) and an endomorphism
of TpM , such that J2 = —I, V¥p € M, where I denotes the identity transformation of
T pM . Then, (M ,J, g) is called an almost complex manifold. If semi-Riemannian metric g
of an almost complex manifold M satisfies the following conditions, then (M, J,§) is an
indefinite almost Hermitian manifold

(X, Y)=g(JX,JY), VX,Y e(TM). (1.21)

Let V be the Levi-Civita connection on an indefinite almost Hermitian manifold (M, J,3)
and J be parallel with respect to V, i.e.,

(VxJ)Y =0, VX,Y e (TM). (1.22)

Then M is called an indefinite Kéhler manifold.

If holomorphic sectional curvature of an indefinite Kéhler manifold is constant ¢, then it is
called an indefinite complex space form and denoted by M(c). The curvature tensor field
of M(c) is given by

R(X,Y)Z = E{Q(Y, )X —g(X,2)YY +g(JY,Z)JX —g(JX,Z)JY
+ 24(X,JY)JIZ}, (1.23)
for any X, Y € I'(TM) [1].

2. Screen generic transversal lightlike submanifolds

Definition 2.1. Let M be a real r-lightlike submanifold of an indefinite Kaehler manifold
manifold (M, ). Then we say that M is a screen generic transversal lightlike submanifold
if the condition (A) and (B) are holded:

(A) There exist two subbundles D; and D2 of Rad(T'M) such that

Rad(TM) = Dy ® Dy, J(Dy) =Dy, J(Ds) C S(TM?1). (2.1)
(B) There exists a subbundle Dy of S (T'M) such that
Do =J(S(TM))NnS(TM), (2.2)

where Dy is a non-degenerate distribution on M.
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From definition of a screen generic transversal lightlike submanifold, we obtain that
S(TM) = Do® D' (2.3)
where D’ is a complementary non-degenerate distribution to Dy in S(T'M) such that
J(D') ¢ S(TM) and J(D') ¢ S(TM™).

Furthermore, T'M of M is decomposed as

TM = D & D" (2.4)
where

D =Dy& Dy, (2.5)

D* = D' @ D,. (2.6)

Thus D is invariant and we see that neither D* is invariant nor D* is anti-invariant.
Besides, we have

Itr(TM) = L1 & Ly, J(L1) = Ly, J(Ly) € S(TM™1). (2.7)

Now, we denote the projections from I'(T'M) to I'(D’) and T'(D3) by P; and Py; respec-
tively. Thus, we write

X =QX + P X +PX (2.8)
= QX + PX (2.9)

where QX € I'(D) and PX € I'(D*). From the last equation, we obtain

JX = X +wP X +whPX (2.10)
OX +wX (2.11)

for any X € I'(T'M); where ®X and wX are tangential and transversal parts of JX,
respectively. Besides, it is clear that J (D') £D'.
On the other hand, for a vector field Y € T'(D"), we have

JY = DY +wY (2.12)

such that, ®Y € I'(D’) and wY € I'(S(TM™)).
Similarly, for W € T'(¢tr(T'M)), we get following decomposition

JW = BW + CW (2.13)

where BW is tangential part and C'W is transversal part of JW, respectively.

If Dy # {0}, Dy # {0}, Dy # {0} and D" # {0}, then M is called a proper screen
generic transversal lightlike submanifold of an indefinite Kaehler manifold (M, g). For
proper screen generic transversal lightlike submanifold we note that the following features:

1. The condition (A) implies that dim(Rad(TM) > 3.

2. The condition (B) implies dim(Dy) = 2s > 2, dim(D’) = 2p > 2 and dim(D3) =
dim(Lz). Thus dim(M) > 7 and dim(M) > 14.

3. Any proper 7-dimensional screen generic transversal lightlike submanifold must be
3-lightlike.

4. (A) imply that index(M) > 3.

Proposition 2.2. A screen generic transversal lightlike submanifold M of an indefinite
Kaehler manifold (M, g) is screen generic lightlike submanifold iff Dy = {0}.
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We easily observe that

(a) If Dy = D" = {0}, then M is an invariant lightlike submanifold.

(b) If D’ is anti-invariant and Dy = Dy = {0}, then M is screen real lightlike submani-
fold.
(c) If D' is anti-invariant and Dy = {0}, then M is SCR-lightlike submanifold.
(d) If Dy = D’ = {0}, then M is radical ST lightlike submanifold.

(e) If Dy = D = {0} and D’ anti-invariant, then M is ST anti-invariant lightlike
submanifold.

(f) If Dy = {0}, then M is screen generic lightlike submanifold.

Proposition 2.3. There exist no coisotropic, isotropic or totally lightlike proper screen
generic transversal lightlike submanifolds M of an indefinite Kaehler manifold. Any
coisotropic or totally lightlike screen generic tramsversal lightlike submanifold M is an
mnwariant submanifold. Furthermore, a isotropic screen generic transversal lightlike sub-

manifold is ST lightlike submanifold iff D1 = {0}.

Proof. Assume that M is a proper screen generic transversal lightlike submanifold. From
definition of proper screen generic transversal lightlike submanifold, we know that D; #
{0}, Dy # {0}, Do # {0} and D’ # {0}, that is both S(TM) and S(T M=) are non-zero.
Thus, M can not be a coisotropic, isotropic or totally lightlike submanifold.

On the other hand, if M is coisotropic, then S(T'M~') = 0 which implies that Dy = 0
and w(D') = 0 ,that is, TM = Rad(TM) = D, which is invariant respect to .J.
If M is totally lightlike, then S(TM) = 0 and S(TM+*) = 0. Hence, TM = Rad(TM) =
D1, which implies M is invariant.
Finally, suppose that M is isotropic. Then S(T'M) = 0 implies TM = RadT M. Thus, if
M is ST lightlike submanifold, then D; = {0}. Conversely, if D; = {0}, then TM = D,
i.e. M is ST lightlike submanifold. Thus the proof is completed. O

Example 2.4. Let (M = RS g) be a semi-Euclidean space, where g is of signature
(= —,— —,+,+,+,+,+,+,+,+,+,+, +, +) with respect to canonical basis (9x1, 0z, 0x3,
O0xy4, 0xs, 0xg, Ox7, Oxg, g9, OT10, 0111, 0T12, 0213, 014, 0215, 016). Consider the complex
structure .J defined by

J(z1, 72, ..., 215, 16) = (T2, =1, T4, —23, T, —T5, T8, —T7, T10, —T9,

T12, —T11, T14, —T13, T16, —T15)-
Suppose that M is a submanifold of R}® defined by

T1 = u]sina — ug COS @, Ty = U] COS & + Uz sin o, x3 = U3,
x4 =0,25 = ug,xg = 0,27 = —us, xg = U1, T9 = Sin uy sinh us,
T10 = cos ug cosh ug, r11 = ug — U7, 12 = U7, T13 = Ug COS Q,

T14 = 07 T15 = Up sin &, T16 = U7 sin a.
A local frame of T'M is given by

Z1 = sin adx1 + cos adxy + 0xg, Zog = — cos adri + sin adxy — Ox7,
Z3 = 0x3 + Oxs, Z4 = cos uy4 sinh usdxg — sin uy cosh us0x10,
Z5 = sin uy cosh us0xg + cos ug sinh us0x1g,

Zg = 0x11 + cosh adx13 + sin a«dx15, Z7 = Ox12 + sinh adx1g.

Thus M is a 3—lightlike submanifold of R}® with Rad(TM) = Span{Zi, Zs, Z3}, D1 =
Span{Zi,Zs}, Dy = Span{Zs}. It is easy to see JZ; = Zy € I'(D;), hence D; =
Span{Zy,Zs} and Dy = Span{Zs}. On the other hand, since JZ4 = Z5 € T'(S(T'M))

a

we derive Dy = Span{Zy, Zs}. By direct calculations, we derive the lightlike transversal
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bundle spanned by

1 1

Ny = 5(— sin a0z — cos adxy + 0xg), No = i(cos adzy — sin adzry — dxy),
1

N3 = 5(—8$3 + 8335)

Then we see that Ly = Span{Ni, N2}, Ly = Span{Ns} and the screen transversal bundle
spanned by

Wi = J 75 = O + Owg, Wa = J Ny — %(_am + D),
W3 = cosh a0x14, Wy = —0x11 + cosh adx13 — sinh adxqs,
Ws = — sinh adz12 + Ox16, We = sinh adx11 — Ox15.
Since JW3 # Wy, then it is easy to see that u = Span{Ws, Ws} and
JZg = 0x12 4+ cosh adx14 + sinh adx16 = Z7 + W3,
—Zg+ Wy
2

Then D' = Span{Zg, Z7} and M is a proper screen generic transversal lightlike submani-
fold of R1C.

JZ7 = —8%11 — sinh a8x15 =

Theorem 2.5. Let M be a screen generic transversal lightlike submanifold of an indefinite
Kaehler manifold (M, g). Then V is a metric connection iff the following conditions are
satisfied:

A% X —VxJY e T(J(D1)),Bh(X,JY) =0,Y e (D),
AjyX e T(Dy), B(DNX,JY) +V%JY)=0,Y € ['(Dy).

Proof. Suppose that V is a metric connection. Using (1.22) we obtain

VxY = —JVxJY (2.14)
for any X €e I'(TM) and Y € I'(Rad(T'M)). Thus using (1.5) in (2.14) we derive
VxY +h(X,Y)=—-J(VxJY + (X, JY)), (2.15)

for any X € T'(TM) and Y € I'(Rad(TM)). From (1.14), (2.11) and (2.13) in (2.15) and
taking the tangential parts from the resulting equation give

VxY = 0A%y X — OVEIY — Bh(X,JY), (2.16)

for any X € I'(T'M) and Y € T'(D;). Similarly, letting Y € I'(D2) in (2.14) and using
(1.9), (2.11) and (2.13), we derive

VxY = ®A;y X — BD'(X,JY) — BV%JY. (2.17)
Therefore considering Theorem 1.2, the proof comes from (2.16) and (2.17). O

Theorem 2.6. Let M be a screen generic transversal lightlike submanifold of an indefinite
Kaehler manifold (M,g). Then Dy is integrable iff the following conditions are satisfied:

g(VJY —ViLJX,JZ) = g(B(h*(X,JY)—h*Y,JX)),Z), (2.18)
g(h*(X,JY) = h*(Y,JX),JN) = g(B(h*(X,JY)—h*Y,JX)),N), (2.19)
for any X,Y € T(Dy), Z € T(D) and N € T(itr(TM)).

Proof. From definition of screen generic transversal lightlike submanifold, Dy is integrable
iff for any X, Y € I'(Dy), [X,Y] € T'(Dy), that is,

9([X,Y],2) = g([X,Y],N) =0
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for any Z € T'(D') and N € T'(itr(TM)). Using (1.7), (1.13), (1.21), (1.22), (2.11) and
(2.13), we obtain

which prove (2.18) and (2.19). This completes the proof. O

Theorem 2.7. Let M be a screen generic transversal lightlike submanifold of an indefinite
Kaehler manifold (M, g). Then D is integrable if and only if the following conditions are
satisfied:

g(VxJY —=VyJX, ®7Z) = g(B(h*(X,JY)— h(Y,JX)),Z), (2.22)

h3(X,JY) —h*(Y,JX) € T'(J(Ls) L w(D") L p) (2.23)
for any X,Y € T(D) and Z € T(D").
Proof. Let M be a screen generic transversal lightlike submanifold of an indefinite Kaehler
manifold (M, g). Then D is integrable iff for any X,Y € I'(D), [X,Y] € ['(D), that is,
9([X. Y], Z) = g([X, Y], N2) =0

for any Z € I'(D") and Ny € T'(Ls). From (1.7), (1.13), (1.21), (1.22), (2.11) and (2.13),
we get

91X, Y], 2) = §(ViJY — VI X,82) — g(B(h*(X,JY) — h*(Y,J X)), Z),  (2.24)
G(X, Y], Na) = g(h*(X, JY) — h*(Y, JX), I Na), (2.25)
from the last two equations we get (2.22) and (2.23), which completes the proof. O

Theorem 2.8. Let M be a screen generic transversal lightlike submanifold of an indefinite
Kaehler manifold (M, g). Then, D’ is integrable iff the following conditions are satisfied:

V2OW — Viy®Z — AywZ + AuzW € T(D' L Rad(TM)), (2.26)
9(Aww Z — Az W, JN1) = g(V2OW — Vi ®Z, JNy), (2.27)
g(h*(Z,@W) — h*(W,@Z), IN2) = g(Viy ®Z — V3 2W, JN,) (2.28)

for any Z,W € T(D"), Ny € T(L1) and Ny € T'(Ls).

Proof. From definition of screen generic transversal lightlike submanifold, D'is integrable
iff, for any Z, W € I'(D"), X € I'(Dy), N1 € T(L1) and Ny € T'(Ly),

g([va] 7X) = g([va] aNl) = g([va] aNQ) = 0.

Using (1.7), (1.9), (1.21), (1.22) and (2.11), we derive
9g([Z, W], X) = g(Vz@W =V ®Z + ApzW — Auw Z, JX), (2.29)
912, W), N1) = g(AwzW — Auw Z, JN1) + g(h'(Z, W) — h'(W,®2), JNy),  (2.30)
9([Z,W],N2) = g(h*(Z, W) — h*(W,®Z), JN2) + g(V5;OW — Vi, ®Z, JNy). (2.31)
Thus the proof follows from equations (2.29)-(2.31), which completes the proof. O

Theorem 2.9. Let M be a screen generic transversal lightlike submanifold of an indefinite
Kaehler manifold (M, g). Then, D" is integrable iff the following conditions are satisfied:

g(VzOW = Vw®Z,JX) = g(Auw Z — AuzW, JX), (2.32)
§(Auw Z — AuzW, IN) = g (Z.8W) — h* (W, $Z), JN) (2.33)
for any Z,W € T'(D") and N € T'(L,).
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Proof. From definition of screen generic transversal lightlike submanifold, D" is integrable
iff, for any Z,W € I'(D"), X € I'(Do) and N € I'(Ly),

g([va] 7X) :g([Z7W]>N) =0.
From (1.7), (1.9), (1.13), (1.21), (1.22) and (2.11), we obtain

9([Z,W],X) = g(Vz0W — Vi ®Z + ApzW — Ay Z, JX), (2.34)
which satisfy (2.32) and (2.33). This completes the proof. O

Theorem 2.10. Let M be a screen generic transversal lightlike submanifold of an in-
definite Kaehler manifold (M,g). Then, Dqy is parallel iff the following conditions are
satisfied:
G(Vi Y, BZ) = g(Bh(X,JY), Z), (2.36)
G(H* (X, JY), IN) = §(BR*(X,JY), N) (2.37)
for any X, Y € T'(Dy), Z € I(D’) and N € T'(ltr(TM)).
Proof. Let M be a screen generic transversal lightlike submanifold of an indefinite Kaehler
manifold (M, g). Then, Dy is parallel iff
9(VxY,Z) =g(VxY,N) =0
for any X, Y € I'(Dy), Z € T'(D’') and N € I'(ltr(TM)). Considering (1.7), (1.13), (1.21),
(1.22), (2.11) and (2.13) we get
9(VxY.Z) = g(VxJY,®Z) — g(Bh*(X,JY), Z), (2.38)
Thus the proof follows from equations (2.38) and (2.39), which completes the proof. O

Theorem 2.11. Let M be a screen generic transversal lightlike submanifold of an indefi-
nite Kaehler manifold (M, g). Then, D is parallel iff the following conditions are satisfied:

9(VxJY,8Z) = g(BR(X, JY), Z), (2.40)
h*(X,JY) € T(w(D') L J(Ls) L p) (2.41)
for any X, Y € I'(D) and Z € T'(D’).

Proof. From definition of screen generic transversal lightlike submanifold, D is parallel
iff VxY € I'(D) for any X,Y € I'(D). Using (1.5), (1.22) we get

VyY = —3VxdY — BhS(X, BY). (2.42)
Using (1.7), (1.21), (1.22) and (2.11) in (2.42), we derive

g(VxY Ny)=g(h®(X,JY),JN>), (2.44)
for any X, Y € I'(D), Z € T'(D') and Ny € I'(Lg), which satisfy (2.40) and (2.41). This
completes the proof. O

Theorem 2.12. Let M be a screen generic transversal lightlike submanifold of an in-
definite Kaehler manifold (M,g). Then, D' is parallel iff the following conditions are
satisfied:

9(V28W,JX) = g(AuwZ,JX), (2.45)
G(Auw Z, JN1) = G(Vz®W, JNy), (2.46)
G(h*(Z,oW),INy) = —g(V5wW, JN,) (2.47)

forany Z,W e I'(D"), X € I'(Dy), N1 € I'(L1) and Ny € T'(Ls).
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Proof. Suppose that M is a screen generic transversal lightlike submanifold of an indefi-
nite Kaehler manifold (M, g). Then D’ is parallel iff

9g(VzW, X) = g(VzW,N1) = g(Vz W, Nz) = 0

for any Z,W € I'(D’), X € I'(Dy), N1 € I'(L1) and Ny € I'(Ls). Considering (1.7), (1.9),
(1.21), (1.22) and (2.11) we derive

g(VzW, X) = g(VzOW — A,w Z, JX), (2.48)
g(VzW,Ny) = g(VzOW, JN1) — g(Auw Z, JN1), (2.49)
g(VzW,N3) = g(h®*(Z,®W), JN3) + g(VLwW, JN>). (2.50)
Thus the proof follows from equations (2.48)-(2.50), which completes the proof. O

Similar to proof of Theorem 2.10, Theorem 2.11 and Theorem 2.12, we obtain Theorem
2.13.

Theorem 2.13. Let M be a screen generic transversal lightlike submanifold of an in-
definite Kaehler manifold (M,g). Then, D* is parallel iff the following conditions are
satisfied:
g(VzOW, JX) = g(AwwZ,JX), (2.51)
G(AwwZ,IN) = G(h*(Z,®W), JN) (2.52)

for any Z, W € I'(D*), X € I'(Dyp) and N € T'(Ly).

Theorem 2.14. Let M be a lightlike submanifold of an indefinite Kaehler manifold M (c)
with ¢ # 0. Then, M is a screen generic transversal lightlike submanifold of M (c) iff:
(1) The mazimal invariant subspaces of T,M, p € M, define a distribution

D = Dy ® D,

where Rad(T'M) = Dy @ Dy and Dy is a non-degenerate invariant distribution.
(ii) There exists a lightlike transversal vector bundle ltr(TM) such that

g(R(Xv Y)NlaNQ) =0,

for any X,Y € T'(Dy), N1, Ny € T'(ltr(T'M)).
(iii) There exists a non-degenerate distribution D' on M such that

g(R(X,Y)Z, V) #0,

for any X,Y € T(D), Z,V e (D).
(iv) There exists a non-degenerate distribution p on S(TM™) such that

g(R(X,Y)Z,W) #0,
where for any X,Y € (D), Z € T(D"), W € T(TM™L), but W ¢ T'().

Proof. Let M be a screen generic transversal lightlike submanifold of M(c), ¢ # 0. From
(i), D = Dy @ D; is maximal invariant subspaces. Next from (1.23), we derive

f](Y, Nl)g(Xa NQ) - g(Xv Nl)g(ya N2)
+g(‘]Yv Nl)g(JXa NQ) - ?](JX, Nl)g(‘]y’ NZ)
+29(X, JY)g(J N2, N2)

C _ _
= §Q(X, JY)g(JN1,N2) =0

— (&
JROCYINL N =
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for any X,Y € I'(Dy), N1, N2 € I'(ltr(T'M)). Since g(JX,Y) # 0 and g(JNi, N2) = 0,

we get g(R(X,Y)Nyi, N2) = 0. Thus (ii) holds. If we use (1.23), we derive

+9(JY, 2)g(JX, V) — g(JX, Z)g(JY,V)
F23(X, JY)G(JZ, V)

= S9(XIY)5(JZ,V) # 0

R(X.Y)ZV) =

for any X,Y € I'(D) and Z,V € I'(D"), then (iii) holds.
Similarly, for any X,Y € (D), Z € (D), W € T(TM™"), we have

JRXY)ZW) = T | +3(JY, 2)g(JX, W) ~ 5(JX, Z)g(JY, V)
+29(X,JY)g(JZ, W)
= S9(X. V)G Z,W) £ 0

then (iv) holds.

<) : Conversely, we suppose that (i), (ii), (iii) and (iv) are satisfied. From (i),
D = Dy @ D; is maximal invariant subspaces and Rad(TM) = D1 & Do, while Dy is an
invariant distribution on T'M, D- isn’t invariant on T'M with respect to J. Because of this,
J(Dg) C T'(tr(T'M)). Furthermore, for ltr(TM) = L; 1 Ly and & € T'(Dy), N1 € T'(Ly),
since g( &1, N1) = 1, then J(Ly) is an invariant distribution, too. On the other hand, from
(ii), for any X, Y € I'(Dy), N1, No € T'(itr(T'M)), we get

GROGY)NGNG) = Z[5(Y. N)g(X, Na) = §(X, N)g(Y: Vo)

+9(JY, N1)g(J X, N2) — g(JX, N1)g(JY, N2)
25X, JY)G(IN, o))
= 0.

Thus, we derive §g(X, JY)g(JN1, N2) = 0 for any X,Y € I'(Dy), N1, Ny € T'(ltr(TM)).
Since ¢ # 0 and Dy is non-degenerate we conclude that g(J Ny, N2) = 0 that is J(ltr(T'M))N
Rad(TM) = 0. Thus, J(Lg2) isn’t belong to Rad(T'M) or ltr(T'M). From this, it is clear
that J(Dg) # Ly and then J(Ds) C S(TM*). On the other hand, for any & € I'(Ds) and
Ny € T(Ly), since §( &, N2) = 1, then J(Ls) is a distribution on S(T M), too. Thus,
(A) of the definition of screen generic transversal lightlike submanifold is satisfied. From
(iii), we see that there exists a non-degenerate anti-invariant distribution D" on S(T'M)

such that since §(JZ, V) # 0, for any Z,V € I'(D'), then
I'(J(D")) c I(D") c T(S(TM)). (2.53)

On the other hand, from (iv), we have g(JZ, W) = —g(Z, JW), forany X,Y € I'(Dy), Z €
(D), W e T(TM™Y), but W ¢ I'(u). So, it is clear that

I'(J(D")) c T(S(TM4Y)). (2.54)

Thus, from (2.53) and (2.54), we obtain neither I'(.J(D")) is in I'(D") totally, nor T'(J(D"))
is in T'(S(TM™)) totally, which satisfies (B) of the definition of screen generic transversal
lightlike submanifold. This proves our assertion. O

Definition 2.15. We say that M is a D-geodesic screen generic transversal lightlike
submanifold if its second fundamental form h satisfies

WX,Y)=0, VX,Y € (D). (2.55)
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It is easy to see that M is a D-geodesic screen generic transversal lightlike submanifold if

RY(X,Y)=h*(X,Y)=0, VX,Y eT(D). (2.56)
On the other hand, if h satisfies
h(X,Y)=0, VX €I(D), Y eT(D") (2.57)

then M is called a mixed geodesic screen generic transversal lightlike submanifold.

Proposition 2.16. The distribution D of a screen generic transversal lightlike subman-
ifold M of M is a totally geodesic foliation in M iff M is D-geodesic and D is parallel
respect to V on M.

Proof. Suppose that D defines a totally geodesic foliation in M, that is, VxY € T'(D),
for any X, Y € I'(D). Then, we get
§(VxY,Z) = g(VxY,No) = g(VxY,€) = g(VxY,W) =0
for any Z € T(D'), Ny € T'(Ls), £ € T'(Rad(TM)) and W € T(S(TM*1)). Considering
(1.7), we obtain
Q(?XY,O = g(hl(X7Y)7£)7
g(vXY7 W) = g(hs(Xa Y)a W)
then, it is clear that, for any X,Y € T'(D), h/(X,Y) = h*(X,Y) = 0. In other words, M
is D-geodesic and D is parallel respect to V on M.
Conversely, we suppose that M is D-geodesic and D is parallel respect to V on M. Since
RY(X,Y)=h*(X,Y) =0, forany X,Y € ['(D), then VxY € I'(T'M). On the other hand,
since D is parallel on M, using (1.7), we have VxY € I'(D). This completes the proof. [J

Theorem 2.17. Let M be a screen generic transversal lightlike submanifold of an indefi-
nite Kaehler manifold M. Then, M is mixed geodesic iff the followings are holded:

g(h (X, ®2) + DY (X,wZ), B¢) = g(h*(X,®Z) + ViwZ, CE), (2.58)
§(AuzX —Vx®Z,JW) = g(h(X,®Z) + ViwZ, JW), (2.59)
for any X € (D), Z ¢ T(D"), £ € T(Rad(TM)) and W € T'(S(TM™1)).

Proof. Assume that M is mixed geodesic, then usmg (2.56), g(h'(X,2),¢) =
g(h*(X,2),W) = 0 for any X € I'(D), Z € I'(D"), ¢ € F(Rad(TM)) and
[(S(TM™)). Thus considering (1.5), (1.6), (1.7), (1.9), (1.21), (1.22), (2.11) and (2.1
we obtain

\_/m

g(h'(X, 2),8) = g(h'(X,22) + h*(X,®Z) + ViwZ + D'(X,wZ), J¢),
g(h*(X,2),W) = g(Vx®Z — Auz X, JW) + g(W(X,DZ) + ViwZ, JW)
which proves our assertion. ]

For any Y € I'(T'M), differentiating (2.11) and using (1.7), (1.9), (1.22), (2.11) and
(2.13), we get

Vx®Y + WYX, ®Y) 4+ h¥(X, DY) — Ay X + ViwY + DX, wY)
= ®VxY +wVxY +CR(X,Y)+ Bh*(X,Y)+ Ch*(X,Y).
Taking tangential, lightlike transversal and screen transversal parts of this equation, we
obtain
(Vx®)Y = A,yX+ Bh(X,Y), (2.60)
RY(X,®dY) = —-DYX,wY)+Ch*(X,Y), (2.61)
(X, ®Y) = —ViwY +wVxY +Ch(X,Y) + Ch%(X,Y). (2.62)
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Lemma 2.18. Let M be a screen generic transversal lightlike submanifold of an indefinite
Kaehler manifold M. Then M is mized geodesic iff

Vx®Z — AyzX € F(D), (263)
(X, ®Z) = —D'(X,wZ), (2.64)
he(X,®Z) + ViwZ € T'(J(Dy)) (2.65)

forany X € I'(D), Z € T'(D*).
Proof. Considering (1.7), (1.9), (1.22) and (2.11), we derive
WX,Z) = —J(Vx®Z+wZ)—-VxZ
= —J(Vx®Z +h(X,0Z) + h*(X,Z) — Apz X + ViwZ
+DN(X,wZ)) - VxZ

for any X € I'(D), Z € I'(D"). Considering (2.11) and (2.13) in the last equation and
taking transversal part of resulting equation, we have

WMX,Z) = —w(Vx®Z — ApzX) — C(W(X,®Z) + h*(X,®Z) + ViwZ + D' (X, wZ)).
Hence, h(X, Z) = 0 iff (2.63), (2.64) and (2.65) aresatisfied. O

Lemma 2.19. Let M be a screen generic transversal lightlike submanifold of an indefinite
Kaehler manifold M. Then, we have

VxZ =®A,zX —®Vx®Z — Bh*(X,®Z) — BVLwZ
for any X € T(Dy), Z € T(D").
Proof. Using (1.7), (1.9), (1.21), (1.22), (2.11) and (2.13), we get
VxZ = —0Vx®Z - wVx®Z - Chl(X,®Z) - Bh*(X,dZ)
—Ch¥(X,®Z) + ®AypzX + wA,zX — BVwZ
~CViwZ — CDY (X, wZ)

for any X € I'(Dg), Z € T'(D"). If we take tangential parts of the last equation, then we
obtain

VxZ =®A,zX — dVxPZ — Bh¥(X,®Z) — BViwZ
which proves our assertion. ]

Theorem 2.20. There exist no totally umbilical proper screen generic transversal lightlike
submanifold of an indefinite complex space form M (c), ¢ # 0.

Proof. Suppose that M is a totally umbilical proper screen generic transversal lightlike
submanifold of M (c), ¢ # 0. Then, from (1.18) and (1.23) we get

R(X,JX)Z = —gg(X,X)JZ (2.66)
and -
R(X,JX)Z = (Vxh®)(JX,Z) — (V xh®)(X, Z), (2.67)
for any X € I'(Dg), Z € I'(D"). Since M is totally umbilical, from (1.20) we obtain
(Vxh)(JX, Z) = —g(VxJX, Z)H* — g(JX,Vx Z)H". (2.68)
We know that
9(JX,Z)=0.

From the last equation, we get
(Vxg)(JX,Z)=g(VxJX,Z)+g(JX,VxZ)=0. (2.69)
Thus, using (2.68) and (2.69) we obtain
(Vxh®)(JX,Z) =0. (2.70)
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Similarly, we have
(Vyxh*)(X,Z)=0. (2.71)
Hence, using (2.66), (2.67), (2.70) and (2.71) we obtain
%g(X, X)JZ =0,
that is, ¢ = 0 is derived. This is a contradiction which completes the proof. ([l

Lemma 2.21. Let M be a totally umbilical proper screen generic transversal lightlike
submanifold of an indefinite Kaehler manifold M. Then H® ¢ T'(J(Lz2) L p).

Proof. Let M be a totally umbilical proper screen generic transversal lightlike submani-
fold of an indefinite Kaehler manifold M. Then, considering (2.62) we obtain

9(X, JY)H* = wVxY +g(X,Y)CH' + g(X,Y)CH?
for any X,Y € T'(Dy). If we get X = JY, then we get
g(Y,Y)H® = wV yY.
Thus, we get H® ¢ T'(J(L2) L ). This completes the proof. O

Theorem 2.22. Let M be a totally umbilical screen generic transversal lightlike subman-
ifold of an indefinite Kaehler manifold M. Then the induced connection V is a metric
connection.

Proof. Assume that M is totally umbilical. Then, considering (2.61) we obtain
9(X,JY)H' = g(X,Y)CH*®
for any X,Y € I'(Dy). If we take X = JY in the last equation then we get
gV, Y)H' = 0.
Since Dy is non-degenerate, then H' = 0 that is, from (1.20) h! = 0. O

3. Minimal screen generic transversal lightlike submanifolds
Definition 3.1. We say that a lightlike submanifold M of a semi-Riemannian manifold
(M, g) is minimal if:

(i) h* =0 on Rad(T'M) and

(ii) trh = 0, where trace is written with respect to g restricted to S(TM).

It has been proved in [2] that the above definition is independent of S(T'M) and
S(TM), but it depends on tr(TM).

Example 3.2. Let M = (R}% 3) be a semi-Euclidean space, where § is signature and
(=, —,—, =+, +,+,+,+,+,+,+,+,+,+,+) be the standard coordinate system of R16
(z1,22,23, T4y ..., T15, T16)-
Consider the complex structure J defined by
J(I‘l, T2y .oy T15, 5616) = (*.’EQ, L1y, —T4,T3, Ty, L5, —L&y L7y, —T105 LY,
—x12, 11, —T15 COS Q — X4 Sin v, —X16 COS ' + X13 Sin @,
X13COS (@ + T16 SiN @, T14 COS @ — X135 Sin ).
Let M be a submanifold of R}® given by
T1 = U] —Uugsina,xro = Uy sina + ug,r3 = uz, r4 = 0, r5 = ug sin q,
xg = 0,7 = —ug cOS v, g = U1 COS a, Tg = U3 cos a, x19 = 0,
11 = sin uy cosh ug, r12 = cos uy sinh us, r13 = cos ug sinh uz,

T14 = sinug coshuy, x15 = — cos ug cosh ur, x1g = sin ug sinh 7.
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Then, T'M is spanned by

Z1 = 0x1 + sin adxo + cos adxg, s = —sinadxy + 0xs — cos adxry,

Z3 = Ox3 + sin a0xs + cos adxg, Z4 = cos uyg cosh usdx11 — sin uy sinh us0x12,

Zr = sin uy sinh us0x11 + cos ug cosh us9x19,

Zg = — sin ug sinh u70x13 + cos ug cosh u70x14 + sin ug cosh u70x15 + cos ug sinh w7916,
Z7 = cos ug cosh uy0x13 + sin ug sinh u70x14 — cos ug sinh u70x15 + sin ug cosh u70x1¢,

where Rad(TM) = Span{Zi, Zs, Z3} and Dy = Span{Zy, Zs}. By direct calculation, we
obtain that ltr(TM) is spanned by

1 1

Ny = 5(—83;1 — sin @dxg + cos adxg), No = i(sin adzry — 0xg — cos adzy),
1

N3 = 5(—(‘%3 + sin adx5 + cos 0xg).

Furthermore, the screen transversal bundle is spanned by

1
Wi = JZ3 = 0x4 + sin adxg + cos adx1g, Wo = JN3 = 5(—81‘4 + sin adxg + cos adx1g),

W3 = sin ug cosh u79x13 + cos ug sinh u70x14 + sin ug sinh u70x15 — cos ug cosh u70x1¢,
Wy = cos ug sinh u70x13 — sin ug cosh u79x14 + cos ug cosh u70x15 + sin ug sinh u7dx1¢,
W5 = — cos adxs + sin adxg, Wg = — cos adxg + sin adxqg.
Since JW3 # Wy, then it is easy to see that u = Span{Ws, Ws} and
JZg = sinaZ;+ cosaWs,
JZ7; = —sinaZg — cosalWy.
T?ﬁen, D' = Span{Zs, Z7} and M is a screen generic transversal lightlike submanifold of
R;°.
4On the other hand, by direct computations and using Gauss and Weingarten formulas,
we get
V2 Zr=0, i=1,2,3,45, 1<T<7T
and
W(Zs, Zs) =0, h'(Z7,Z7) =0,
1
sinh? w7 + cosh? uy

1
he(Z7, Z7) = —
(Z7, Z7) sinh? w7 + cosh? u;

h*(Zg, Zg) =

W47

Hence, we get
W (X, Z1) = (X, Zo) = h*(X, Z3) = 0
for any X € I'(T'M), that is, h®* = 0 on Rad(T'M) and
trace |g(rary h = 0.

Then, it is clear that M is not totally geodesic, but it is a minimal screen generic transversal
lightlike submanifold of M = R}°.

Theorem 3.3. Let M be a screen generic transversal lightlike submanifold of an indefinite
Kaehler manifold M. Then M is minimal iff

traceAzq‘S(TM) = 0,trace Ay, sra) =0 (3.1)

g(Y,DY{(X,W)) = 0, for any X,Y,&, € ['(Rad(TM)) and Wz, W € T(S(TM™)), where
dim(TM) = m, dim(tr(TM)) = n, dim(Rad(T'M)) =r.
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Proof. Suppose that M is a screen generic transversal lightlike submanifold of an indefi-
nite Kaehler manifold M. Then M is minimal iff »* = 0 on Rad(T'M) and traceh = 0 on
S(T'M), i.e

traceh |siray = traceh |p, +traceh |

o b
= Y WZi, Z)+ > h(U;,U;)

i=1 j=1
= 0.
If we choose an orthonormal basis of S(T'M) as {e;};|", then we get
traceh | serary = traceh |p, +traceh |pr
2a b
> _cihlei ei) + ) ejhlej,e)). (3-2)
i=1 j=1

Now from (1.10), we have h® = 0 on Rad(TM) iff g(Y, D' (X, W)) = 0, for any X,Y €
['(Rad(TM)) and W € T'(S(TM*)). If we choose an orthonormal basis of S(T'M) as
{e;}*", then we obtain

2a b
traceh |srary = Zsi {hl(ez,ez) + hP (e e } + ZEJ [ (ej,e5) + hs(ej,ej)}
i=1 j=1
2a n—r
= Y al- Zg (eirei), €Ny +— > g(hi(eireq), We)Ws] (3.3)
i= B=1
1 n—r
+Z€J Zg e]aej )Nq_{_mZg(hs(eﬁej)vwﬁ)wﬂ]'
i=1 B=1

From (1.10) and (1.15) in (3.3) we get

1
traceh [siryy = ZEZ Zg A£ ei,ei) Ny —|— —_ Z g AWBe,,eZ)Wg]

q 1 ,B 1
1 n—r
—}—Zsk Zg Aé ej,ej) Ny +ﬁ2g(AWBej,ej)W5].
B=1

Therefore we obtain
traceh |s(rary= traceAg, ’DOEBDI +trace Ay, |D0@D’ .

Hence, we get
traceAg, |poap="0 and traceAw, |p op=0.

From the last equation the proof is completed. O
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