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ABSTRACT. In this study, the bipolar metric space structure is tested on a real dataset for the first time. In this
context, ligand—target interaction scores are examined and transformed into a form compatible with the bipolar
metric function, an incomplete-data scenario is evaluated, and in addition, the closest pairs of the same type are
identified and the resulting findings are analyzed. The model is also applied to provide theoretical estimations for
some missing entries in the dataset. By emphasizing that the proposed method can be tested in various contexts
across the natural sciences and the humanities, the study thus presents an initial example in this direction.
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1. INTRODUCTION

Bipolar metric spaces are among the most recent components of the expansion process of the metric space concept,
which has accelerated in the 21st century. In most variations of metric spaces, some axioms, particularly the triangle
inequality, have been modified in various ways, or, for example, the range of values that the metric function can take has
been extended. Most of these models aim to generalize metric spaces and have produced both analytical and topological
results.

In this context, the bipolar metric approach proposed by Mutlu and Giirdal in 2016 possesses a remarkable distinc-
tion, as the distance function is defined not between elements of a single set but between two separate conceptual sets.
In such structures, the distance between two points belonging to the same set may be meaningless or non-measurable,
while the only meaningful distance is the one between points selected from two distinct sets.

The fundamental axioms on which this approach is based correspond exactly to the classical metric conditions at
the intersection of these two sets, called poles. However, a bipolar metric d defined on a pair of sets (X, Y) satisfies an
inequality in which four points play a role, two from each pole. This condition, known as the quadrilateral inequality,

d(x,y) < d(x,y") +d(x',y) +d(x',y)

is valid for all x,x” € X and y,y" € Y. In other words, the cost of moving directly from an element x € X to an
element y € Y cannot exceed the total cost of a transition performed through two intermediate points. This inequality
bears a structural similarity to rectangular metric spaces, yet it is more natural in the sense that it does not require the
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intermediate points to be distinct from the original ones, and it exhibits a unique geometric behavior due to its reliance
on two separate sets.

Since its introduction [25], bipolar metric spaces have been studied primarily within the framework of the fixed point
theory [8, 14,19,21,24,26,27,30,31,34,41,44,45], and only rarely from a topological point of view [15]. They have
also been applied to solving certain classes of equations [22,29]. Moreover, numerous variants have already appeared
in the literature, such as bipolar b-metric space [23, 37], bipolar b-multiplicative metric space [33], bipolar Menger
probabilistic b-metric space [11], bipolar p-metric space [20], bipolar parametric metric space [6], F-bipolar metric
space [35], fuzzy bipolar metric space [5,43], generalized fuzzy bipolar metric space [17], multiplicative cone bipolar
metric space [32], neutrosophic bipolar fuzzy metric space [13], triple-composed bipolar metric space [39], N-extended
fuzzy bipolar b-metric space [18], and so on.

By the 10th year of the theory, applications of bipolar metric spaces have remained mostly within a mathematical
context, typically relying on the theoretical strength of metric spaces, yet they have not been tested in interdisciplinary
real-life scenarios. However, as suggested in the original introductory paper [25], bipolar metric spaces provide a dis-
tinctive framework, largely stemming from the quadrilateral inequality, for modeling interactions between two different
groups. The intensity of radiation between a planet and a star, the reaction rate between an acid and a base, or the per-
formance score of a child in an activity can all be modeled in terms of distance and thus treated within the bipolar
metric context. If the subject of application is observed to conform well to the ideal structure of the bipolar metric, then
a potential model and method emerge for various applications, including missing data imputation.

Hypothetically, some scenarios in which the usefulness of the bipolar metric space structure appears likely to be
tested include, but are not limited to, the following: reaction rates between acids and bases [4], ligand—receptor binding
affinities [1], enzyme—substrate interactions [7], antibody—antigen affinities [28], compatibility between species and
habitats [12], plant—nutrient absorption rates [38], drug—target cell effectiveness measures [9], the apparent brightness
of stars as seen from planets [36], countries’ scores on socioeconomic indicators [3], the distance between political
parties and voters [10], customers’ relationships with preferences [42], performance relations between a group of
students and their courses [2], and the behavioral characteristics or aptitude tendencies of a group of children [16].

Modeling in these areas would also make it possible, through the inner-pseudo metrics provided in [25], to define a
distance among elements of the same type; for example, questions such as which socioeconomic indicators are closer
to each other or which children are more similar to one another could be answered using a metric-like function.

Testing the bipolar metric space structure in such models essentially means determining the extent to which the
quadrilateral inequality fits the data. Since raw data must be processed in a way that can be interpreted as distance, the
choice of the transformation function to be used here also provides an opportunity that can be exploited in favor of the
bipolar metric structure. Moreover, in addition to the percentage of cases in which the quadrilateral inequality holds,
the magnitude of deviation in the cases where it does not hold may also be an important factor.

While the current study uses the quadrilateral inequality mostly throughout, it should be noted that the choice
is by no means arbitrary, being tightly bound to the nature of the bipolar metric spaces themselves. Specifically, the
quadrilateral inequality defines the properties of bipolar metric spaces as the main axiom, and represents the connection
between two separate sets. The use of this inequality makes it natural to consider the model as being within the bipolar
metric space paradigm, and not as an independent and separated condition.

It should be noted that the bipartite character of the ligand-target interaction problem is reflected in the fact that
all measurements between the elements are performed only when considering two separate types. The bipolar metric
spaces are precisely formulated to reflect these kinds of relations, and hence are suitable for the data considered.
Secondly, it should be stated that some of the objects considered, namely the induced inner pseudo-metric dy and
dy, are part of the bipolar metric framework. Therefore, the construction of the model without any mention of the
corresponding theory does not make sense in view of the already established research. Thirdly, it is important to mention
that the notion of bipolar metric spaces comes with additional mathematical structures, such as sided neighborhoods,
convergence, and the corresponding topological structures.

In this context, it is of interest to determine in which fields bipolar metric modeling will perform more successfully.
Since it is not feasible to test all the aforementioned fields individually within this study, one representative dataset
from the natural sciences is examined here, leaving the investigation of other fields to future researchers.

As a result of this study, it has been observed that bipolar metric modeling can provide a structural and analytical
tool for missing data imputation. This method carries a notable potential for innovation, particularly in areas where
measurements are partially missing. While fundamental questions such as the rate at which the quadrilateral inequality
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is satisfied, data consistency, the selection of suitable distance transformations, the topological implications of bipolar-
ity, missing data imputation capacities, and methods of learning optimal distances from data remain entirely open, the
present work takes a pioneering step toward revealing that bipolar metric spaces may possess a broad, previously un-
used range of potential applications. This unexplored domain is expected to offer an important research direction both
mathematically and within the applied sciences, thereby adding a new and rich dimension to the concept of bipolar
metric spaces as the theory enters its 10th year.

2. MobDEL AND METHOD

All mathematical operations and processing data operations were done using Python. As for our data, we down-
loaded the KIBA dataset from an open data source from Kaggle and took into consideration a submatrix with the
largest possible amount of data recorded were included. All mathematical operations were done accordingly to the
described algorithm.

The concept of a bipolar metric, introduced by Mutlu and Giirdal in 2016 [25], corresponds to a function d :
X XY — [0, co) that aims to model the mutual distance between the elements of two nonempty sets X and Y, such that
the function satisfies the following properties:

Bl)VY(x,y) e X x Y, if d(x,y) = 0 then x =y,

B2)VueXnY,du,u) =0,

B3)Yu,ve XNY,du,v) =dwv,u),

B4 Y(x,y),(x,y)e X XY, dx,y) <d(x,y)+dx,y)+dX,y).

Since many real-life applications to be considered require the sets X and Y to be disjoint, thatis, X N'Y = @, (B2)
and (B3) become completely irrelevant, and (B1) merely states that the function d must always take a positive value.
Thus, the only axiom that is decisive for our purposes is (B4), known as the quadrilateral inequality, and the remainder
of the study is built upon this inequality.

Every bipolar metric d : X X ¥ — [0, o) induces a pseudo-metric on each of the sets X and Y, called inner pseudo-
metrics [25]. These pseudo-metrics make it possible to define distances; hence, in a sense, similarity measures among
elements of the same type.

2.1. Construction of the Model and Quadrilateral Inequality Compliance Indices. Let X = {x;,...,x,}and Y =
{y1,...,y,} be two disjoint finite sets, and consider a functiond : D C X X Y — (0, c0). (Since the sets are assumed to
be disjoint for the application, the value 0 is not included in the codomain of the function.)

The value d(x, y) represents a “bipolar distance” defined via observed or processed data between x € X and y € Y.
We aim to measure the extent to which d complies with the quadrilateral inequality.

To test the quadrilateral inequality, we consider quadruples for which the four distances appearing in the inequality
are defined. For this purpose, define

Q={(x,x,7,y) € XXX XY XY :d(x,3), d(x,)), d(x',y), d(x',y') are defined].

In the case of complete data, we have |Q| = |X||Y|?. If missing data are present, then |@Q| < |X|*|Y]>.
First, for each quadruple, define a function

., I, ifd(x,y) <d(x,y)+dx,y)+dX,y),
H(x,x',y,y") =

0, otherwise.
This is the characteristic function corresponding to the subset
{6, X, 3,5) € Q:d(x,y) <d(x,y") +d(x',y') + d(x', y)}.

Let us define the binary compliance ratio that measures the proportion of cases in which the transformed distance
data satisfy the quadrilateral inequality:

1
Rhard = @ Z H(-xwx/?yay/)'
(x.x'.y,y)eQ
Clearly, Rpara € [0, 1], and the case Ryarq = 1 means that the quadrilateral inequality holds exactly, and therefore (X, Y, d)
is a bipolar metric space, if D = X X Y. This index is a coarse measure that does not take into account the magnitude of
violations and measures, in a sense, how close d is to being a bipolar metric.
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As a more refined measure, we may define a score that assigns the value 1 to the quadruples for which the in-
equality holds, while also taking into account the severity of violation in the cases where the inequality fails. For each
(x,x,y,y") € Q, define

1, ifd(x,y) <d(x,y") +d(x',y") +d(¥',y),
SO6x 3 Y) =V d(x,y) + d(,y) + d(xX, )
d(x,y)

, otherwise.

Since in the case of violation we have
d(x,y) > d(x,y") +d(x',y") +d(x,y),

we obtain

dx,y)+dx,y)+dX,y) -

d(x,y)

which yields a ratio indicating how severely the inequality is violated. Thus, we may define the average soft compliance
index as

0 <

l,

1

RSOfl = @ S(x’x/’y’y/)'

(x,x',y,y)eQ
This index also lies in the interval [0, 1], and the value 1 again means that d is a bipolar metric, if D = X X Y. The
quantity Rgof 1S @ more sensitive compliance measure that summarizes the magnitude of violations in a single value,
but it has a higher computational cost.

In every case, it is clear that Ry, > Rharg, and since all d(x,y) values are nonzero, equality can only occur when
both indices are equal to 1.

2.2. Possible Lower and Upper Bounds for Missing Data. Now suppose that some values of the function d are
missing, or that we wish to enlarge the sets by adding new elements whose measurements have been only partially
performed.

For example, let a € X and b € Y be such that d(a, b) is unknown, while for many (x,y) € X X Y the values d(a, y),
d(x,b), and d(x, y) are known. By using the quadrilateral inequality in a systematic manner, we may propose an upper
and a lower bound for d(a, b). To this end, define

Qo = {(x,y) € XX Y : d(x,), d(a,y), d(x,b) are defined).
Since the quadrilateral inequality requires
d(a,b) < d(a,y) +d(x,y) + d(x,b)
to hold for every (x,y) € Qu, the quantity
Ul(a, b) =(xgéfa (d(a,y) + d(x,y) + d(x, b))

-ab
is a theoretical upper bound for d(a, b). Intuitively, U(a, b) may be interpreted as the cost of the cheapest indirect path
between a and b.
To obtain a lower bound, we may rewrite the quadrilateral inequality with different choices and move the term
d(a, b) to the right-hand side. In this case, we may define

L(a,b) = sup max(d(x, y)—d(a,y) —d(x,b), d(a,y) — d(x,y) — d(x,b), d(x,b) — d(x,y) — d(a,y), 0)
(x.y)EQup

as a lower bound. Then, we expect the inequality
L(a,b) < d(a,b) < U(a,b)

to hold to the extent that the data comply with the quadrilateral inequality.
As will be seen in the example considered, these bounds may correspond to excessively wide intervals, and therefore
their practical significance may remain limited.
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2.3. Approximate Imputation via the Quadrilateral Inequality Ratio. For each (x, x’,y,y") € Q, define the quadri-
lateral inequality ratio by
d(x,y)

d(x,y) +d(x',y) +d(x',y)
Although for bipolar metric spaces we must have R < 1, and we may expect many data points that do not form a bipolar
metric to nonetheless satisfy this inequality, it is still possible to encounter extreme cases with R > 1.

Since R is always positive by the assumption that X N Y = @, and, moreover, a multiplicative quantity, we may
prefer to use the geometric mean. Based on the known data, we define a universal imputation coefficient by

1 ’
Mgeo(R) = @ 1—[ R(X, xl’y7y,) = exp(@ Z lnR(x, x/’y’y ))
(x.x',y.y)eQ (x.x',y.y")eQ

R(x,x',y,y) =

Now, suppose that d(a, b) is unknown for some a € X and b € Y. The coeflicient M., (R) represents the average
multiplicative relaxation level of the quadrilateral inequality in the data, and it may be interpreted as summarizing the
typical behavior

d(a,b) = Mgeo(R) [d(x,b) + d(x,y) + d(a,y)].

Accordingly, using again a geometric-mean-based approach, we may estimate d(a, b) by

Zi\(a, b) = Myeo(R) exp( Z In(d(x, b) + d(x,y) + d(a,y))).

(x.y)EQup

1
|Qab|

2.4. Detecting the Closest Pairs Using Inner Pseudo-Metrics. Given a bipolar metric on the sets X and Y, we also
obtain the inner pseudo-metrics defined by

dx(x1,x2) = supld(x1,y) —d(x2,y)l and  dy(y1,y2) = supld(x, y1) —d(x, y2)l,
yeyYy xeX

as introduced in [25]. Since these expressions involve a supremum, they are theoretically quite strict, yet at the same

time they provide extremely simple, practical, and meaningful measures for identifying similar pairs of the same type.

Naturally, more flexible variants that are less sensitive to extreme values, such as versions based on some measure of

central tendency instead of the supremum, can be easily formulated statistically. However, since this study focuses on

the practical reflections of bipolar metric space theory, no such modification is made in this formulation.

3. MODELING LIGAND—TARGET INTERACTIONS WITH A BIPOLAR METRIC

In this section, we aim to test the bipolar metric space structure for the first time on a real measurement table.
Among many potential application candidates, the interaction between ligands and the protein kinases they target has
been chosen as an inaugural example. Kinases are enzymes that transmit critical intracellular signals and play roles
in diseases such as cancer, Alzheimer’s, and inflammation. Ligands, on the other hand, are small molecules with the
potential to bind to proteins. Ligands are often intended as drug molecules, and understanding how strongly a ligand
binds to a given protein is one of the fundamental questions in drug development, since strong binding may inhibit a
kinase and thus be therapeutically beneficial.

In this study, a subset of the KIBA dataset [40], which contains interaction scores between protein kinase inhibitors
and their biological targets, has been examined. This dataset presents a matrix of measurement scores describing the
binding activities between ligands and protein kinase targets, where higher scores correspond to stronger binding. Here,
only the numerical structure relevant to the mathematical framework has been used; a biochemical content analysis has
not been intended. The data were obtained from a processed version available on Kaggle.'

The measurements in the database exhibit a heterogeneous distribution for both ligands and targets, meaning that
some have many recorded measurements while others have few. In this work, we selected the 100 targets with the
highest number of measurements and, for these targets, the 100 ligands with the highest number of cross-measurements,
resulting in a 100 x 100 submatrix. This matrix contains 9873 entries, corresponding to a density of 98.73%.

lh‘ctps ://www.kaggle.com/datasets/rajaryan2315/davis-and-kiba-datasets/data
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In the chosen submatrix, ligands are considered as the set X and targets as the set Y. Letting s(x,y) denote the
binding score corresponding to the ligand—target pair (x, y), the partial function d : X X ¥ — R was defined, for all
pairs with known scores, by

d(x,y) = 7.

This choice, one among many possible options, was made because stronger binding can naturally be interpreted as a
measure of proximity, and because avoiding the value zero is desirable for our purposes.

The computations performed on the data show that, under this adjustment, the quadrilateral inequality is satisfied
almost perfectly, with Rp,g ~ 0.9908 and Ry ~ 0.9983. The geometric mean of the quadrilateral inequality ratio used
in the model was found to be Me,(R) ~ 0.302.

To determine how the transformed distance matrix behaves under a missing-data scenario, a total of 1974 entries,
corresponding to approximately 20% of the inputs, were removed.

The analysis revealed that approximately 62.8% of the true values satisfied the previously proposed bound L(x,y) <
d(x,y) < U(x,y). Accordingly, the deterministically derived bounds are neither excessively loose nor excessively tight;
although many interval estimates fall short of perfection, they still offer a certain degree of meaningful safety margin.

When the values d(x, y) were computed for the missing entries, the mean absolute error relative to the true data was
found to be around 2.99 x 10~°, corresponding to approximately 61.9% mean relative error. However, this phenomenon
is primarily a temporary exaggeration caused by the use of the exponential function in transforming scores to bipolar
metric values, and much more reasonable imputation errors were obtained when score estimates were computed via
the inverse transformation §(x,y) = —In d(x, y).

The mean absolute error of the estimated scores compared to the true values was approximately 0.39, and the relative
error was around 3.2%. These results show that the binding scores can be reconstructed with an error rate of nearly
three percent, demonstrating that the method provides biologically meaningful accuracy in missing-data completion.

After testing the missing-data scenario, the values for the inner pseudo-metric dy among ligands and dy among
targets were also computed.

For example, in the selected subset, the two closest molecules according to the value dy =~ 3 X 1076 have the
following SMILES strings:

CC(C) (CO)CNclInccec(-c2c(-c3ccc(F)cec3)nc3cncen23)nl
and
Cclnccn2c(-c3cenc(NCC4(0)CC4)n3)c(-c3ccc(F)cc3F)ncl2.
Another example, with dy ~ 5 x 107, corresponds to the SMILES strings
CCOc1nc(C(=0)NCc2ccc(S(C) (=0)=0)cc2)cc(N)clCl
and
CCOc1Inc(NC(=0)Cc2cc(0C)c(S(C) (=0)=0)cc20C) cc(N)c1C#N.

In general, closely related ligand pairs tend to share similar scaffolds and differ only by small functional group
variations. On the other hand, dx values can reach approximately 5 x 107>, and such pairs tend to possess different
pharmacophores, charge distributions, and steric profiles.

A similar phenomenon is observed for the targets. For instance, the smallest dy value, about 5x 107°, occurs between
the pair of targets whose first 60 amino acids are

MASTTTCTRFTDEYQLFEELGKGAFSVVRRCMKIPTGQEYAAKIINTKKLSARDHQKLER. . .
and
MATTATCTRFTDDYQLFEELGKGAFSVVRRCVKKTSTQEYAAKIINTKKLSARDHQKLER. . .,

where it is notable that more than 90% of the first amino acids are identical, with only small substitutions at a few
positions.

Finally, we apply the proposed model to predict 10 of the 127 ligand—target pairs in the 100 x 100 data matrix for
which no experimental measurements were available or recorded in the database, and we present the predicted values
in Table 1
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Ligand (SMILES) Target (AA sequence, first 60 aa) Estimated Score

CC(=0)clccecc(-c2enc3[nH]ccc3c2)cl MDRSKENCISGPVKATAPVGGPKRVLVTQQFPCQNPLPVNSGQAQRVPD. . . 11.7796
COclcc(-c2ccec3c(c2)NC(=0)c2ccc(-c4cccccdNS(C) (=0)=0)cc2)ccc3 MGCIKSKGKDSLSDDGVDLKTQPVRNTERTIYVRDPTSNKQQRPVPAS. . . 11.7766
CN1CCN(c2nc(C3=C(c4c[nH]c5ccccc45)C(=0)NC3=0)c3cccece3n2)CCl MSSARTPLPTLNERDTEQPTLGHLDSKPSSKSNMIRGRNSATSADED. . . 11.6991
NCCCnlcc(-c2cc(-c3ccdccceccds3)c3[nH]lncc3c2)c2nc3cceccc3n2 MRRRRRRDGFYPAPDFRDREAEDMAGVFDIDLDQPEDAGSEDELEEE. . . 11.8545
Nclnoc2cccc(-c3cccc(0)c3)cl2 MNKPITPSTYVRCLNVGLIRKLSDFIDPQEGWKKLAVAIKKPSGDD. . . 11.4712
COCCOCC#Cclcc(-c2n[nH]c3c2C(=0) c2cc(CN4CCN(C)CC4) c(F)cc2F)cec3 MPALARDGGQLPLLVVFSAMIFGTITNQDLPVIKCVLINHKNNDSS. . . 11.8092
COC(C(=0)N1Cc2[nH]nc(NC(=0)c3ccc(N4CCN(C)CC4)c(F)cc3F)c2)N1 MGDPAPARSLDDIDLSALRDPAGIFELVEVVGNGTYGQVYKGRHVK. . . 11.7537
Nclccc(-c2cncc(0CC(N)Cc3c[nH]c4ccecce34)c2)cclCN MPHEPHEPLTPPFSALPDPAGAPSRRQSRQRPQLSSDSPSAFRASR. . . 11.5975
N#Cclccc2c(c1)C(=C1C=CC(CN3CCOCC3)=CN1)C(=0)N2 MLEICLKLVGCKSKKGLSSSSSCYLEEALQRPVASDFEPQGLSEAA. . . 11.8269
CCOc1nc(C(=0)NCc2ccc(S(C) (=0)=0)cc2)cc(N)cIC#N MDVSLCPAKCSFWRIFLLGSVWLDYVGSVLACPANCVCSKTEINCR. .. 11.7899

TaBLE 1. Theoretical KIBA score estimates for 10 ligand—target pairs with missing measurements.

4. CONCLUSION

In this study, the bipolar metric space structure was tested for the first time on a real dataset on the tenth anniversary

of the theory. The scores in the dataset were transformed into possible bipolar metric values, the percentage of compli-
ance with the quadrilateral inequality was measured, a missing-data imputation scenario was constructed, and results
were obtained by examining the possible lower and upper bounds, estimated metric values, and within-group proximity
measures. Consequently, some missing measurement values in the relevant dataset were also estimated. It was found
that the ligand—target interaction score predictions were meaningfully accurate, with an approximate relative error of
3.2%. Thus, a model for applying bipolar metrics to real datasets has been demonstrated as a feasible approach, paving
the way for similar studies to be tested across a wide variety of fields in the natural and social sciences.
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