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ABSTRACT.  An equitable dominating set of a graph G = (V, E), is a subset of vertices D C V such that each
vertex v € V — D, is adjacent to at least one vertex u € D and the degree of u and v differ by at most 1. The
equitable domination number y°(G) is the size of the smallest equitable dominating set of G. For a vertex u in the
dominating set D of a graph G, the number of edges from u to V — D is called the outdegree of u with respect to D,
dp (). A dominating set D is called the outdegree equitable dominating set if the absolute value of the differences
of outdegrees of any two vertices in D is at most one. The outdegree equitable domination number of G, v,.(G)
is the size of the smallest outdegree equitable dominating set of G. In this paper equitability related domination
parameters such as equitable domination number and outdegree equitable domination number are analyzed within
the realm of some graph products specifically the cartesian and the strong product of graphs.
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1. INTRODUCTION

The concept of domination, introduced by Ore and Berge [2, 12], sparked a revolutionary movement in graph the-
ory research, leading to significant advancements in the field, [1,5,9]. Resultantly different variations of domination
were pioneered which entails total domination, independent domination, perfect domination, roman domination, ital-
ian domination, secure domination and so forth. The concept got wide acceptance due to its numerous applications
in different fields comprising network security and monitoring, social network analysis, biology and epidemiology,
transportation and logistics and more.

This paper exclusively considers finite, undirected, simple, and connected graphs. We adhere to the definitions and
notations established in [4]. In a graph G, the neighborhood of a vertex v, denoted by N(v) is the set of all vertices
adjacent to v. The degree of v, represented as dg(v) is the number of edges incident to it.

A dominating set of a graph G is a subset D of vertices of G such that for each vertex u in V — D there exists some
vertex v in D such that N(v) contains u. The domination number y(G) is the size of the smallest dominating set of G.
A dominating set of G with size y(G) is termed as a y- set of G.

An equitable dominating set of a graph G = (V, E), is a subset of vertices D C V such that each vertex v € V — D, is
adjacent to at least one vertex u € D and the degree of u and v differ by at most 1. We say that u equitably dominates
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v. The equitable domination number y¢(G) is the size of the smallest equitable dominating set of G. A y*- set of G is
an equitable dominating set of G with exactly y°(G) vertices.

A vertex u € V is an equitable isolate of G, if |dg(u) — dg(v)| > 2 for all v € N(u). An equitable isolate of a graph
cannot be dominated equitably by any other vertex of the graph. Hence, every equitable dominating set of a graph
contains the equitable isolates of the graph (if it exists).

Let D be a dominating set of a graph G. For a vertex u € D, the number of edges with one end vertex u and the other
end vertex € V — D is called the outdegree of u with respect to D, dj, ;(u). A dominating set D is called the outdegree
equitable dominating set if the absolute value of the differences of outdegrees of any two vertices of D is at most one.
The outdegree equitable domination number of G v,,.(G) is the size of the smallest outdegree equitable dominating set
of G. An outdegree equitable dominating set of G with exactly v,.(G) vertices is termed as a y,.- set of G.

Example 1.1. In Figure 1,

Y(G) =2,{vy, v3}isay-setof G

v4(G) = 3, {vs, vs, Vg} is a y°- set of G. Here v; and v are equitable isolates.

Yoe(G) = 2, {Va, V4} 1S @ Y, sSet of G

{va, v3} is a dominating set of G but it is neither an equitable dominating set nor an outdegree equitable dominating
set of G.

Ficure 1. G

The concept of equitable domination was brought to light by V. Swaminathan and K.M. Dharmalingham, [14]
whereas the idea of outdegree equitable domination was uncovered by K. M. Dharmalingham, [6]. Additional research
on these topics can be discovered in the manuscripts [3, 10, 11,13, 15-18].

The Cartesian product of two graphs G and H is the graph, denoted as GOH, with vertex set V(G) X V(H) in which
two vertices (g, #) and (g, 7") are adjacent if and only if g = g’ and hh’ € E(H) or h = I’ and gg’ € V(G), [8]. A
G-layer in GOH, is the subgraph of GOH induced by the set of vertices {(g,h) : g € V(G)} where & is a fixed vertex
from H. An H-layer in GOH, is the subgraph of GOH induced by the set of vertices {(g,h) : h € V(H)} where g is a
fixed vertex from G. Each G-layer is isomorphic to the graph G, whereas each H-layer is isomorphic to the graph H.

The strong product of two graphs G and H is the graph, denoted as G ® H, with vertex set V(G) X V(H) in which
two vertices (g, h) and (g’, h’) are adjacent if and only if any one of the following condition holds.
1.g=¢ and W’ € E(H)

2. h=H and g¢g’ € E(G)
3. 8¢’ € E(G) and hi' € E(H)
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In this paper equitable domination and outdegree equitable domination is studied in the context of the cartesian and
strong product of graphs. Established the upper bound for both domination parameters, characterized the cases for
which equitable [outdegree equitable] domination number of cartesian [strong] product of graphs equals 1, 2. Also
studied the concept in the case of regular graphs.

Remark 1.2. A universal vertex of a graph is a vertex that is adjacent to all other vertices of the graph. Trivially
Yoe(G) = 1 if and only if G has a universal vertex.

2. OuUTDEGREE EQUITABLE DOMINATION NUMBER
Theorem 2.1. y,.(GOH) < min{|V(H)|Yoc(G), |[V(G)lyse(H)}.

Proof. Let V(G) ={uy, up, us, ..., uy,} and V(H) = {v1,v2, V3, ..., v,}. Let D be a y,. - set of G. Let G; denote the G-layer
in GOH, with the v; chosen as the fixed vertex from H, i = 1,2,...,n. Let D; = D X v;. Then, D; is a y,, - set of G;.
Suppose that D" = | Ji_; D;. Then |D’| = 2, |Di| = nlD;| = [V(H)lye(G).

Claim : D’ is an outdegree equitable dominating set of GOH.

Clearly D’ is a dominating set of GOH, as for each i = 1,2, ...,n, D; is a dominating set of G;. It remains to prove
that the outdegrees of vertices in D’ are equitable. Let (up, v,) and (uy, v;) are two elements in D’. Hence, up, u; € D
and as D being a y,, - set of G, we get

dp, 6 (up) — dp (us)l < 1. 2.1
As D' = D x V(H), there are no outgoing edges from D’ to V(GOH) — D’ along the H components. Hence,
dg,yGDH(u,,, vp) = dg,G(up) and d”,,GDH(uS, V) = dqu(ux). Therefore, from (2.1) we get

|d([))/,GDH(up, Vp) - dv/,GDH(”s, vl = |d2)),(;(up) - dZ),G(ux)| <1

Thus, D’ is an outdegree equitable dominating set of GOH. Our claim is established. Therefore,

Yoe(GOH) < [V(H)[Y0e(G). (2.2)
Since cartesian product of graphs is commutative we get
Yoe(HOG) < [V(G)lyoe(H). (2.3)
From (2.2) and (2.3),
Yoe(GOH) < min{|[V(H)[Y0e(G), [V(G)lyoe(H)}. m

Corollary 2.2. v,.(GOH) = 1 if and only if either y,.(G) = 1 and H = K, or y,.(H) = 1 and G = K.

Proof. 1If either y,.(G) = 1 and H = K or y,.(H) = 1 and G = K|, then from Theorem 2.1 we get that y,.(GOH) = 1.
Suppose that v,.(GOH) = 1. This implies that GOH contains a universal vertex. This is possible if and only if either
G =K, or H = K;. Let G = Kj, then GOH is identical to H itself. Hence, y,.(GOH) = 1 implies y,.(H) = 1. Suppose
that H = K, then GOH is identical to G itself. Hence, y,.(GOH) = 1 implies y,.(G) = 1. m|

Mlustration 2.3. The upper bound established in the Theorem 2.1 is sharp. Figure 2 illustrates this.
Here y,0.(P3) = Voe(P2) = 1. Darkened vertices forms a y,.- set of P30P; giving y,.(P30P,) = 2.

e a

POP
P3 P2 3 2

FIGURE 2.

Theorem 2.4. Let G be a graph with |V(G)| > 3, then y,.(GOP,) = n if and only if y,.(G) = 1.
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Proof. Let P, = vy, vy, ..., v,;. Let G; denote the i-th G-layer in GOP,,, with the v; chosen as the fixed vertex from P,
i=1,2,..,n. Asv.(P,) = |"§"|, [6] from Theorem 2.1, we get that

Yoe(GOPy) < min {nye.(G) , IV(G)Ing- (2.4)
Suppose that y,.(G) = 1, then (2.4) gives
Yol GOP,) < min n | VG5 2.5)

Since [V(G)| = 3, we can say that n < [V(G)|[§1. Therefore, from (2.5),
Yoe(GOP,) < 1. (2.6)

If possible suppose that y,.(GOP,) < n. Let D be a y,, - set of GOP,. Let D; = V(G;) N D, then for i # j, D;N D; = {}
and D = |J._, D;. Then, |D| = })7, |D;|. By our assumption |D| < n. Therefore, ;" , |D;| < n which implies that there
exists at least one i such that |D;| = 0. In this case in order to dominate the vertices of G;, D should contain either
all vertices of G, [G;4+1] or at least |V(G)| vertices from V(G,_1) U V(G;41). This then gives that |D| > n, which is a
contradiction to our assumption. Hence, from (2.6), we get y,.(GOP,) = n.

Conversely suppose that y,.(GOP,) = n and let D denote a y,, - set of GOP,. By our assumption |D| = n. Let D; =
V(G) N D, then fori # j, DiNnD; = {}and D = | Ji_, D;. Then, |D| = }}'_, ID;| . Hence |D| = n implies }._, |Di| = n.
If IDj| > 1, foralli = 1,2,...,n, then |D| = >, |D;| > n, which is a contradiction. Suppose that there exists some ,
i=1,2,...,nsuch that |D;| = 0. In this case in order to dominate the vertices of G;, D should contain either all vertices
of Gi—1 [Gi;1] or at least |[V(G)| vertices from V(G,-1) U V(Gi41). As |V(G)| > 3, this then gives that |D| > n, which
is a contradiction to our assumption. Hence, |D;| = 1, for all i = 1,2,...,n. Suppose that the vertex (u;,v;) € D; for
alli = 1,2, ...,n. Then, (u;, v;) dominates all vertices of G; for some i, otherwise |D;| > 1 for at least one i, which is a
contradiction. Hence, y(G;) = 1, which implies that y(G) = 1. Hence, y,.(G) = 1. |

Theorem 2.5. Let G and H be two graphs with at least two vertices, then v,.(GOH) = 2 if and only if any one of the
following condition holds.

(a) ¥oe(G) = 1 and H = K».

(b) H = K, and there exists two non adjacent vertices u,v in G such that dg(u) = dg(v) = |V(G)| - 2.

Proof. As G and H are graphs with at least two vertices, GOH contains no universal vertex. Hence vy,.(GOH) > 2.
Suppose that y,.(G) = 1 and H = K,. Then, by Theorem 2.1, we get y,.(GOH) < 2. Therefore, y,.(GOH) = 2.

Suppose that H = K, and there exists two non adjacent vertices u, v in G such that dg(u) = dg(v) = |V(G)| — 2. Let
V(H) = {x,y}.

Claim : D = {(u, x), (v, y)} is a y,, - set of GOH.

Clearly D is a dominating set of GOH. d?),GDH(M’ x) = |V(G) -2+ 1 = |V(G)| - 1. Similarly d;’)’GDH(v, y) =
V(G| -2+ 1 =|V(G)| - 1. Therefore, |d}, ;. (u, X) — d, 6o, (v, )] < 1. Thus, D is an outdegree equitable dominating
set of GOH giving v,.(GOH) = 2.

Conversely suppose that y,.(GOH) = 2.

From [7],

Y(GaH) 2 min{|V(G)|, [V(H)|}.
Also,
Y(GOH) < v,.(GOH).

Therefore, from our assumption y,.(GOH) = 2, we can say that at least one of the graphs has exactly 2 vertices.
Suppose that H have two vertices which implies H = K,. Let G, G, denote the G-layer of GOH, with the fixed vertex
of H chosen as uj, u, respectively. Let D be a y,, - set of GOH. By our assumption |D| = 2. Let V(G) = {v{,vs..., v}
and V(H) = {u, up}. Then, D is in one of the following form.

(D) D = {(vj,u1), (v, u)}, j # k.

(2) D = {(vj,u1), Vi, u2)}, j # k.

(3) D = (v} 1), (¥ 12)).

Case 1. D = {(vj,u1), vk, u)}, j # k.
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If possible, suppose that [V(G)| > 3. Then, G contains at least one vertex v, other than v; and v, which implies
that GOH contains at least two vertices (vy, u1), (vs, u2). But then the vertex (v, u) is not dominated by D, which is a
contradiction to the assumption that D is a vy, - set of GOH. Hence, |V(G)| = 2. Thus, G = K; and y,.(G) = 1.

Case 2. D = {(vj,u1), (v, u2)}, j # k.

Note that (v, u2) can only dominate its own copy (v, #1) in G1. Hence, (v;, u;) must dominate all the remaining
vertices in Gy. If (v, uy) is adjacent to (v}, u1), then v; is a universal vertex in G and hence ,.(G) = 1.

Suppose that (v, u;) is not adjacent to (v;, u;). This implies that v; is not adjacent to v; in G. As v; is adjacent to
all the remaining vertices of G, we get dg(v;) = |[V(G)| — 2. Similarly we can say that D being a dominating set of
GOH, all the vertices in G, except possibly (v, u2) is adjacent to (v, uz). If (v, up) is adjacent to (v}, u), then vy is
a universal vertex in G and hence y,.(G) = 1. Suppose (v, u2) is not adjacent to (v;, up). This implies that v; is not
adjacent to v; in G. As vy is adjacent to all the remaining vertices of G, we get dg(vi) = |V(G)| — 2. Thus, there exists
two non adjacent vertices u, v in G such that
dg(u) = dg(v) = [V(G)| - 2.

Case 3. D = {(vj, u1), (vj, u2)}.

D being a dominating set of GOH, the vertex (v;,u;) is adjacent to all the vertices in G; which implies that v; is a
universal vertex of G. Hence, v,.(G) = 1. m|

Ilustration 2.6. Figure 3 illustrates case (b) in Theorem 2.4. Here, u and v are two non adjacent vertices with
de,(u) = dc,(v) =2 = |V(Cs)| - 2. The darkened vertices in C40K, forms a y,.- set of C40K,. Hence, ,.,(C40K3) = 2.

FiGure 3.

Theorem 2.7. Let G be a k regular graph and H be an [ regular graph. Suppose that there exists y,, sets Dy, D, of G,
H, respectively, such that d°p,(v) = s, for all v € Dy and d°p,(v) = t, for all v € D, then y,.(G R H) < p.(G)Yoe(H) .

Proof. Let D = Dy X D,. Then, |D| = |Dil|D2] = ¥0e(G)yoe(H). If |Di| = |Dy] = 1, then both G and H has
universal vertex and hence G ® H has universal vertex. Therefore, ¥,.(G) = V,.(H) = ¥,.(G ® H) = 1 which gives
Yoe(G ® H) = ¥,.(G)y,.(H). Suppose at least one of the sets Dy, D, has more than one vertex.

Claim : D is an outdegree equitable dominating set of G ® H.

Clearly D is a dominating set of G ® H. Let (&, v), (x,y) € D.

d’p(u,v) = dp, (u) + dp, (v) + deW)dp, (v) + du(v)dp, () — dp, (wdp, (v). 2.7)
Similarly
3 (x,y) = df, (x) + . () + d6(X)d5, () + du (WY () = dfy (), (). 2.8)

Now, dg(u) = dg(x) = k, as G is a k regular graph and dy(v) = dy(y) = [, as H is an [ regular graph. As d}’)l (u) =
dg] (x) = sand dj’)z(v) = dj:’)z (y) = ¢, from (2.7) and (2.8), we get

|d0D(M, v) - d%(x’ )’)| =0.
Hence, D is an outdegree equitable dominating set of G ® H giving

Yoe(G ® H) < |D| = ¥0e(G)Yoe(H). o
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3. EourtaBLE DOMINATION NUMBER
Theorem 3.1. y*(GOH) < min{|lV(H)ly*(G), |V(G)ly*(H)}.

Proof. Let V(G) ={uy, us, us, ..., u,,} and V(H) = {v,v2,v3,...,v,}. Let D be a y° - set of G. Let G; denote the i-th
G-layer in GOH, with the v; chosen as the fixed vertex from H,i = 1,2, ...,n. Let D; = D X v;. Then, D; is a y¢ - set of
G;. Let D’ = J, D;. Then, |D’| = Y, |D;| = n|D;| = [V(H)ly*(G).

Claim : D’ is an equitable dominating set of GOH.

Clearly D’ is a dominating set of GOH, as for each i = 1,2,...,n, D; is a dominating set of G;. Let (i, v) €
V(GOH)—-D'. As Dis ¢ - set of G, there exists a vertex say u, € D such that , is adjacent to u, and |dg(u;) —dg(u,)| <
1. Hence, in GOH, (u;, vi) is adjacent to (u,, vi). Also, dgou(x,y) = dg(x) + du(y), where x € V(G) and y € V(H).
Therefore,

|don s, vi) = deon(p, vi)l = lde(u;) + du(vi) — (de(up) + du(vi))|
= ldg(uy) — dg(up)| < 1.

Thus, D’ is an equitable dominating set of G O H, establishing our claim. Hence,

Y“(GoH) < |V(H)Y*(G).
As cartesian product of graphs is commutative we get

Y(GOH) < |[V(G)ly*(H).
Combining the previous two inequalities we get

¥ (GOH) < min{|V(H)ly“(G), [V(G)ly*(H)}. o

Mlustration 3.2. The upper bound established in the Theorem 3.1 is sharp. Figure 4 illustrates this.

o—0—=0 o—0—0—o0
P O
P3 Fs 3 P4
FiGURE 4.

Here, y¢(P3) = 1, y¢(P4) = 2. Darkened vertices forms a y*- set of P30P, giving y*(P30P4) = 4.
Theorem 3.3. v*(GOH) = 1 ifand only if G = K| and y*(H) = 1.

Proof. Suppose that y*(GOoH) = 1. Then, GOH has a universal vertex. This is possible only if at least one of the two
graphs G, H is K. Let G = K. Then, GOH = H. Therefore, y*(GOH) = 1 gives y°(H) = 1. Conversely suppose that
G = K and ¥*(H) = 1. Then, GOH = H giving y(GOH) = y*(H) = 1. |

Lemma 3.4. Suppose G be a graph with at least two universal vertices and either dg(u) = |V(G)| — 1 or dg(u) =
|V(G)| - 2 for all u € V(G), then y*(GOK;3) = 2.

Proof. Let V(G) ={uy,uy,us3,...,u,} and V(K3;) = {vi,v2}. Let u;, u, denote the universal vertex in G. Let D
{(MS, V]), (M,, Vz)}'

Claim : D is ay¢ - set of GOK;.

From the definition of cartesian product, we get

dook,(Us,v1) = dgan(u, v2) =n—1+1=n. 3.1

Let (u;,v;) € V(GOK3) — D. Then, if j = 1, (u;,v;) is adjacent to (uy, vy) and if j = 2, (u;, v;) is adjacent to (u;, v2). As
de(u) € {n—1,n -2} for all u € V(G), we get that

dok, (ui, vj) € {n,n — 1} (3.2)
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Thus, from (3.1) and (3.2),
|dGak, (ui, v1) — dok, (us, vi)| < 1
and
ldGak, (i, v2) — doak, (ur, v2)l < 1.
Thus, D = {(us, v1), (s, v2)} is a y¢ - set of GOK; as y*(GOK>,) > 2. As a conclusion we get that y*(GOK;) = 2. O

Lemma 3.5. Suppose G be a graph with at least two nonadjacent vertices of degree |V(G)| — 2 along with |V(G)|—3 <
dc(m) < |\V(G)| = 1 for all u € V(G), then y*(GOK;) = 2.

Proof. Suppose that the condition holds. Let V(G) ={uy, uy, u3, ..., u,} and V(K5) = {v{,v2}. Then by our assumption,
de() € {IV(G)| — 1,|V(G)| - 2,|V(G)| — 3} for all u € V(G). Suppose u; , u,, are two nonadjacent vertices in G with
degree |[V(G)| — 2. Let D = {(u, v1), (U, v2)}.

Claim : Dis ay° - set of GOK}.

Let (u;,v;) € V(GOK3) — D. From the definition of cartesian product, we get that

deok, (i, vi) = deap(Upm,v2) =n—-2+1=n-1. (3.3)
As Dg(u;) = |V(G)| — 2 and u,, is not adjacent to u; in G, u; is adjacent to all the vertices of G except u,,. Thus, u; is

adjacent to u;. Similarly we can prove that u,, is adjacent to u;. If j = 1, (u;,v;) is adjacent to (u;,vy) and if j = 2,
(u;, v;) is adjacent to (U, v2). As dg(u) € {n—1,n—2,n— 3} for all u € V(G), we get that

deor (i, v;) € {n,n—1,n—2}. 34

Thus, (3.3) and (3.4) gives,
|dGok, (ui, v1) — dGok, (U, vi)l < 1
and
ldGak, (i, v2) — deak, (Um, v2) < 1.
Thus, D is a y° - set of GOK, as y*(GOK3) > 2. As a conclusion, we get that y*(GOKj) = 2. O

Theorem 3.6. Let G, H be two graphs with at least two vertices. Then, y*(GOH) = 2 if and only if any one of the
following conditions hold.

(1) y(G) =1and H = K.

(2) H = K, and G have at least two universal vertices along with either dg(u) = |V(G)| — 1 or dg(u) = |[V(G)| — 2
forallu € V(G).

(3) H = K; and G have at least two nonadjacent vertices of degree |V(G)| — 2 along with |V(G)| — 3 < dg(u) <
[V(G)| - 1 forall u € V(G).

Proof. Suppose that y*(GOH) = 2. From [7],

Y(GOH) > min{|V(G)|, [V(H)|}.
Also, y(GOH) < y*(GOoH). Thus, we get

min{|V(G)|, [V(H)I} < y*(GOH),

ie.,
min{|V(G)|, |V(H)|} < 2.

Thus, at least one of the two graphs G, H contain at most two vertices. This then implies that at least one of the two
graphs G, H have exactly two vertices as |V(G)| > 2 and |V(H)| > 2. Suppose that H have exactly two vertices. If
|[V(G)| = 2, then G = K; and hence, y°(G) = 1 giving condition (1) in the theorem statement. Suppose that |[V(G)| > 3.
Let V(G) ={uy, u, us, ..., u,} and V(H) = {v}, v,}. Let D be a y¢ - set of GOH. Then, D is in one of the following form.

@ D = {(uj,v), (g, v1)}, j # k,

(b) D = {(uj,v1), (uj, v2)},

(©) D = {(uj,v1), (ux, v2)}, j # k.

Case (a) : D = {(uj, v1), (ux, v1)}, j # k.
As |V(G)| = 3, there exists at least one vertex in say u, other than u; and u;. But then the vertex (uy, v2) in GOH is not
dominated by D which is a contradiction to the fact that D is a y¢ - set of GOH. Hence, this case does not occur.
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Case (b) : D = {(uj,v1), (uj, v2)}.
Let u, be a vertex in G different from u;. Consider the vertices (u, v{) and (u;, v2) in GOH. As D is a y¢ - set of GOH,
the vertex (u;, vy) is adjacent to the vertex (u;,v;) and

|dGon(u:, vi) — deon(uj, vl < 1. (3.5)
Therefore, u, is adjacent to u; in G. For every x € V(G) and y € V(H)
don(x,y) = dg(x) + du(y). (3.6)

Applying (3.6) in (3.5), we get
ld(ur) — dg(uj)l < 1.
Thus, {u;} is an equitable dominating set of G and hence y*(G) = 1.
Case (c) : D = {(uj, v1), (ux,v2)}, j # k.
As Dis ay* - set of GOH, all vertices of the form (u,, v1), s # j except possibly (i, v1), is adjacent to (u;, vi) with

|dGon(us, v1) — dear(uj, vi)l < 1. 3.7

Suppose that (u, vy) is adjacent to (u,v() in GOH which implies that u; is adjacent to u; in G. Thus, u; is adjacent
to all other vertices in G. Hence, dg(u;) = n — 1. Similarly we can say that dg(u;) = n — 1. Thus u; and u; are two
universal vertices in G. From (3.6), we get that

dcon(uj,vi) = deor(ug,v2) =n—-1+1=n.

Thus, (3.7) gives
ldGon(us, vi) —nl < 1.

Therefore, doop(us, vi) € {n—1,n,n+ 1}. doon(us, v1) # n+ 1, because if it does then G contains parallel edges which
is a contradiction. Thus, dgop(us, vi) € {n — 1, n}. By applying (3.6) in dgop(us, vi), we get that dg(uy) € {n —2,n— 1}.
Thus, we have established condition 2 in the theorem statement.

Suppose that (u, v1) is not adjacent to (1, v;) in GOH. uy is not adjacent to u; in G which implies that dg(u;) = n—2.
Similarly dg(uy) = n — 2. Also,

doop(uj,vi) =dcu;) +dy(vi)=n—-2+1=n-1.

Consider a vertex (u,, v;) in GOH where s # j, k. Then, as D is a y¢ - set of GOH, the vertex (uy, v;) is adjacent to the
vertex (uj, vy) and
|dGon(us, v1) — deor(uj, vi)l < 1,
ie.,
ldGan(us,vi) — (n— DI < 1.

Therefore, dgop(us, vi) € {n —2,n — 1,n}. By applying (3.6) in dgop(us, vi), we get that dg(us) € {n —3,n—2,n — 1}.
Thus, we have established condition 3 in the theorem statement.

Conversely suppose that condition (1) holds. Let y°(G) = 1 and H = K,. Clearly y*(GOH) > 2 as there exists
no universal vertex in GOH. Let D’ = {u} be a y° - set of G. Therefore, each vertex ' of G is adjacent to u and
ldg(u) —dg(u')| < 1. Let V(H) = {vy,v2}. Let T = {(u, vy), (1, v2)}.

Claim : T is an equitable dominating set of GOH.

Let (u’',v;) € V(GOH) - T, j € {1,2}. Then, (u,v;) € T and (', v;) is adjacent to (u,v;) in GOH as u is adjacent to
u’ in G. Hence, by applying (3.6) we get that

ldoan(u,v)) — dean(W',v))| = ldg(u) — de(u')| < 1.

Thus, T is an equitable dominating set of GOH giving y*(GOH) < 2. Thus, y*(GOH) = 2.
Suppose that condition (2) holds. Then, from lemma 3.4, we get y*(GOH) = 2.
Suppose that condition (3) holds. Then, from lemma 3.5, we get y*(GOH) = 2. O

Theorem 3.7. Let G be a regular graph on m vertices and P, the path on n vertices. Then, y(G)[5] < y*(G® P,) <
G521+ 2¥(G).
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Proof. Let V(G) ={uy,us,u3, ...,u,} and P, = vi,v,,v3,...,v,. Let G; denote the i-th G-layer in GOP,,, with the v;
chosen as the fixed vertex from P,, i = 1,2, ...,n. Let O, = v, v3,...,v,—| denote the path of length n — 2 obtained by
deleting the vertices v and v, from the path P,. Then, y°(Q,) = [%'I. Let T be ay® - set of O, and S be a y - set
of G. Let/ ={ie N:u; € S}and J = {j € N : v; € T}. Denote D as the set S X {vi} (S x T)JS X {vp}. Then,
ID| = 2IS| + ISIIT| = 2¢(G) + Y (G 521.

Claim : D is an equitable dominating set of G ® P,,.

Let (u;,v;) € V(G ® P,) — D. For any two graphs G, H

doan(x,y) = dg(x) + dg(y) + dg(x)dy(y) where xe€V(G) and ye V(H). 3.8)

Case l: ieland j¢ JU{L, 2}

As T is ay® - set of Q,, there exists a vertex v, in T such that v; is adjacent to v;. Hence, (u;, v¢) € D and (u;, vy) is
adjacent to (u;,v;) in G ® P,. From (3.8),

|dGwp, (Ui, Vi) — dgwp, (Ui, V)| = [(dp,(vi) — dp,(v;)(1 + dg(u;)|. (3.9
But dp,(vk) = dp,(v;) = 2. Thus, from (3.9),
Case2:i¢ landjeJ. |dGwp, (4i, Vi) — dgmp, (i, vj)| = 0.
As S is a y¢ - set of G, there exists a vertex #; in G such that u; is adjacent to »;. Hence, (u;,v;) € D and (u;,v;) is
adjacent to (u;,v;) in G ® P,. (3.8) gives
|dwp, (Wi, v;) — dewp, (Ui, v))| = [(de(ur) — de(u))(1 + dp,(v;)|. (3.10)
As G is aregular graph dg(u;) = dg(u;). Thus, from (3.10),
ldGwp, (w1, v;) — dGap, (Ui, vj)l = 0.

Case 3:i ¢ Iand v; € {vy,2}.
Letv; =v;. As S is a ¥® - set of G, there exists a vertex u, in G such that u; is adjacent to u;. Hence, (us,v{) € D
and (uy, vq) is adjacent to (i;,v;) in G ® P,,. From (3.8),

|dGwp, (s, v1) = dewp, (Ui, vi)l = [(d6(us) — de(u))(1 + dp, (v1)l. (3.11)
As G is aregular graph dg(u;) = dg(u;). Thus, from (3.11),
ldGwp, (s, v1) — dap, (Ui, vi)l = 0.
Case4:i¢ land j¢ JJ{vi, v}

As S is a y° - set of G, there exists a vertex u, in G such that u, is adjacent to u;. As T is a y¢ - set of O, there
exists a vertex v, in T such that v, is adjacent to v;. Hence, (4;,v,) € D and (u,v,) is adjacent to (u;,v() in G ® P,.
From (3.8), |dgap, (41, vp) — dcep, (1, v;)| equals

[(de(uy) — dg(uy)) + (dp,(vp) — dp,(v})) + dc(u)dp,(v,) — dg(ui)dp,(v;)l. (3.12)
As G is aregular graph dg(u;) = dg(u;). Also dp,(v,) = dp,(v;) = 2. Thus, from (3.12),
|dGwp, (U1, vp) — dgep, (Ui, v;)| = 0.

Thus, D is an equitable dominating set of G ® P,, establishing our claim. Hence,
n-2
Y(GRP,) < YOI+ 2v(G). (3.13)

To obtain the lower bound, let D’ be a ¥ - set of G ® P,,. Let U = {u; : (u;,v;) € D’ for some vertex v; in P,} and let
V ={v;: (u;,v;) € D’ for some vertex ; in G}

Claim : U, V forms a dominating set of G and P, respectively.

Let u; € V(G) — U. Let vy be any arbitrarly chosen vertex of P,. Then, the vertex (uy,vy) ¢ D’. As D’ is a v - set
of G ® P,, there exists a vertex (i, v,) € D’ such that (uy, v¢) is adjacent to (u,,v,) in G ® P, and

ldGwp, (s, Vi) — dGwp, (U, Vo)l < 1.
Hence, u; € U and u, is adjacent to u, in G. Therefore U is a dominating set of G giving
Ul = ¥(G).
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To prove that V forms a dominating set of P,, let v, € V(P,) — V. Let u, be any arbitrarly chosen vertex of G. Then,
the vertex (ug,v,) ¢ D'. As D" is ay¢ - set of G ® P,,, there exists a vertex (u,,v;) € D’ such that (u,, v,) is adjacent to
(uy,v,)in G® P, and
|dgwp, (g, vr) — dgwp, (1y, V)| < 1.
Hence, v, € U and from the definition of strong product v, is adjacent to v, in P,. Therefore, V is a dominating set of
P, giving [V = y(P,) = [%1.
As D' =UXxV, we get

, n
ID'| =UIV| = y(G)r§1. (3.14)
Combining (3.13) and (3.14), we get

-2
y<G>f§1 <y(GRrP,) < y(G)r”Tw +2¥(G). o

4. CONCLUSION

Our primary contributions include establishing upper bounds for the equitable and outdegree equitable domination
numbers of the Cartesian product of graphs along with the characterisations for these domination numbers for the
particular cases. The paper further presented an upper bound for the outdegree equitable domination number of the
strong product of special types of regular graphs. We also provided bounds for the equitable domination number of the
strong product of a graph and a path. The findings advance the study of equitable and out-degree equitable domination
in graph theory creating a foundation for future research on other graph products.
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